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Abstract 

We extend F.Pastjin's construction of uniform decomposable chains of finite rank to those of rank 'finite over 
a limit' and investigate infinite (length u>) products and unions of such chains. We derive an extension of 
Pastjin's characterisation to uniform decomposable chains of small transfinite rank (< ui + uj). We conclude 
by indicating how the resulting descriptions can be iterated to chains of rank < u> u . 
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[1] Pastjin's Chains 



[1.1] Decomposable chains 

Let A be a chain (i.e., a linear, or total, order). Define an equivalence relation p = p A by: xpy if the 
interval between x and y in A is finite. Let [x] = [x] A = {y G A : xpy} (the component of x in A) and 



Iterate the definition through all ordinals: Set p\ — p; suppose p a defined, set A/p a = {[x] a : x G A} 
and xp a+ iy in A if [x] Q p[y] Q in A/p a (where [x] a = [x] A = {y G A : xp a y} is the a-component of x (in A)); 
suppose pji defined for all (3 < a, for limit a, set A/pp = {[x]p : x G A} and set xp a y in A if for some (3 < a 
it is the case that [^^^[y]^ in Aj pp. In the following, write A/a for A/p a . and [x] a for [x] a . The rank of A 
is the least ordinal a such that A/ a = 1 (the singleton chain) and is denoted rk(A). A chain is decomposable 
if rk(A) is defined. Subsequently, all chains are assumed decomposable. 

(1.2) Definition ( Uniform chains ) Let A- x = {y G A : x < y}. A chain A is (right) uniform if 
for all i,|/6/l the chains A- x and A- y are order isomorphic. 

In this case denote by L4 (a representative sample of) the tail of A. (We shall also use i x A to denote 
A- x and use f and f x interchangably with uniform chains.) f is an idempotent operation, f 2 = f. Let U(a) 
denote the set of uniform chains of rank a and Uo(ct) the set of tails of chains in U(a). U{< a) = [J i<a U(i). 
If not specified otherwise, letters A and B refer in the following to uniform (decomposable) chains. 

[1.2] Pastjin's uniform chain generator 

Let N be the chain of non- negative integers and Z the chain of all integers. There is a scheme to generate 
all uniform chains of finite rank as chains of form A7j or B + AN from uniform chains of smaller finite rank, 
starting with the singleton chain. (AB is the anti-lexicographically ordered cartesian product of chains A 
and B, effectively AB = ^T JbeB A.) 

(1.3) Definition ( Sub-diagonal strings ) For an ordinal a, let S(a) = {s G a a : s(i) < i for all i < 



a}. Also let S(< a) = {J i<a S(i) and, e.g., (for ordinal (3) S([/3, a)) = {Jp <i<a etc. (Note that 



(1.4) Definition ( Pastjin's finite rank unifom chain constructor ) Set A((0)) = 1 = (0), and for 
any s G S 



(We use 'A()' to denote concatenation of finite strings, while retailing the conventional '+' for chains.) 
Letting A(( )) = ()= (:= the empty chain), by finite induction, 



A/p = {[x] : x G A}. 



S(1) = {(0)}.) 



A(s A (a, b)) 




A(s) = A(s\k(s))Z+ A(sfi)N 



k(s)<i<n(s) 



where n(s) = \s\ — 1 and k(s) — max{i < n : s(n(s)) = i}. 
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Here is a basic list: 
A«0» - 1 

A«0,0» = 1 + 1N = N A((0,1)) S 1Z = Z 

A((0, 0, 0}) = 1 + IN + NN = N 2 A((0,0, 1}) ^ Z + NN = Z + N 2 A((0, 0, 2}) ~ 7VZ 

A((0,1,0))SN + ZN A((0,1,1)) = ZN A((0, 1, 2}) = Z 2 

(1.5) Theorem ( Pastjin ) The chains A(s), s € S(n + 1) exhaust all uniform chains of rank n (up 
to isomorphism). 

(1.6) Notation Define operation s — > s+ and s — > s~ on binary strings s by: 

(sA(a))~=s, (s A (a, 6))+ = s A (6). 

Thus, where n = |s| — 1, 

/U^ - / A ( S ") Z if «(n)=n m 

w \ A(s+)+A(s-)N if s(n)<n. { ) 

Define iterations of ()+ and ()" by s+C^ 1 ) = ( s + k )+ and s"^ 1 ) = (s" fe )-. Note that s+ fc e 5 just if 
s(ra) < n — k (where n = \s\ — 1), since n — k = \s +k \ — 1, and s +k (n — k) = s{n). In particular, s +n G S just 
if s(n) = 0, where n = \s\ — 1. For convenience, let s = = s~~ = (s~)~ , and s= = s = (s = )~. (However, 
s ± continues to read "s~ or s + " .) Note that s H = = s = . 

[1.3] Uniform tails 

(1.7) Lemma ( Finite tail lemma ) fA(s) = A(s~ A (0)) = E 4 <| s | A(s[i)N. 

Proof The second equation is immediate. For the first, use induction. The base cases are trivial, e.g., 

fA«0, 1» = fZ = N = A«0, 0)) = A«0) A (0)) 
In the induction step use the following observation: 

f (ai()) AB = f a A + Af b B. (2) 

If s(n) = n for n = \s\ — 1, 

fA(s) = fA(s") + A(s")fZ = fA(s") + A(s")N = A(s= A (0)) + A(s")N = A(s~ A (0)), 

from the induction hypothesis and the fact that (s~ A (0}) + = s = A (0). 

If s(n) < n distinguish the case where the cut-off is in A(s+) or in A(s~)N. In the respective case we 
get tails of form 

(At ) = i fA ( s+ ) + A («~)N = A(s= A (0)) + A(s")N, (cut-off in A(s+)) 

(S) ~ \ fA(s-) + A(«-)£N = A(s= A (0)) + A(s")N, (cut-off in some A(s~) x {n}), 

again from the induction hypothesis and the fact that (s"* 1 ) - A (0) = s = A (0)). As before, either case reduces 
to A(s- A (0)). • 



This suggests extending f to an operation on 5(a) for successor ordinals a by fs = s A (0). Thus, 
fA(s) = A(fs) for s G 5(n |l),new. As a direct corollary: 

(1.8) Lemma ( String lemma ) 

(i) (fs)+ = (s" A (0))+ = s= A (0) = fs- = fs+; 

(ii) (f S )- = ( S -A(0))-= S ". . 

(1.9) Remark How do we identify elements in chains A(s)? For instance, in the second case of the 
decomposition of A(s) in (1), we could represent elements of A(s) in the form: 

_ f (a,0) for a in A(s+) 

X ((fe,n+l) for b in A(s"), 

and we frequently do. Similarly, we use 'B x {n}' to refer to the n + 1st hyper-component of A + B~N, 
where rk(A) = rk(£>). On the other hand, since, e.g., a hyper-component of A(s) is isomorphic to A(t) for 
t = s ± , we say e.g., of x G A(s) — A(s + ) + A(s _ )N that it is 'in A(s+)' to indicate that it is in the initial 
\s\ — 1 component of A(s), or that it is 'in some A(s~)' to indicate that it is in one of the successor \s\ — 1 
components of A(s), and that it is 'in A(s~) x {n}' to indicate that it is in the nth successor \s\ component 
of A(s). I.e., when considering embeddings between chains, we assume them to be 'canonical', as defined 
below. 

(1.10) Lemma ( Sub-component lemma ) For xeieW, each [x]f, for i < rk(A) is of the form 
A(sj), for some Sj G S(i + 1) such that 

(a) Si e {sf +1 ,St +1 }, hence 

(b) s 8 ~ = s= +1 , and 

(c) C s for s G 5(< u) such that A = A(s) 

Proof (a) and (b) are clear from the corollary to Pastjin's definition and the preceding remark. Setting 
n = rk(A) = rk(A(s)) = \s\ — 1 G uj, we get s n = s, and for all < i < n, s^-i G {s^,s~}, by (a), so 
sT^! G {s^ , s i } = {s~}, and so by finite ('downward') induction: s i l 1 Cs[Cs„=r. • 

(1.11) Definition ( Canonical embeddings ) Let s G 5(n + 2), t G S(n + 1) such that t G {s+, s - }. 
Call an embedding of A(i) into A(s) canonical, if 

(a) A(i) is mapped onto the initial n component of A(s) of form A(s + ) if i = s + , and 

(b) A(t) is mapped onto one of the successor n components of A(s) of form A(s~), if t = s~ . 
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[2] Tails of first limit rank 

The modest goal here is a characterisation of the tails (of uniform chains) of rank lo. 
[2.1] Tail-types and successor-types of hyper-components 

We start with a basic observation: Let A e U, x e A and let C n — [x]£, n € xk{A). Then 

[*]**+! = [4n A + ^nN = i x C n + A„N (2.1) 

where A n is (a representative of the isomorphism class of) the successor n-componcnt (to C n ) in C„+i, and 
iA n = iC n . 

(2.1) Definition ( nth a hyper-component ) If rk(A) = a + 1, and A/a = N let 

H"(A) := the nth a hyper-component of A. 

If rk(A) = a + 1, and A/a ~Nor A/a = Z let 

ff"(A, a;) := the nth a hyper-component of A relative to [x]„ 

(i.e., such that that Hq(A,x) — [x]„). Where x is fixed in a context, write H"(A) again for H"(A,x). If 
A/a = N, x can always be arranged to lie in the zeroth hyper-component. In particular, 

H:([x]i +l ):=H:([x]i +ll x). 



(2.2) Lemma ( Hyper-component isomorphism ) For x,y e A e U, a < rk(A), 

(Vn,m)[fH?([s]2 + i) - ffl£([l/]£ + i)]. (Vn,m > 0)[H«([*]« + i) - H«([^ +1 )] 



Proof Fix x in A. In f K ([x]^ +1 ), 

fj;([i]„) = fHo*([x]Q +1 ) is the zeroth a component, 
(for n > 0) H"([x]^ +1 ) is the nth a component. 



For any y in A, since f x ^4 = f y A and since isomorphisms preserve components and component ordering, 

fflo(W« + i) = ffl Q (Mf + i) 

H%([x}A +1 )^H%([y}A +1 ) 

wherever either is defined. 
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Fix n such that H%([x]£ +1 ) is defined and let z G H"([x}^ +1 ) C [x]„ +1 . In f z ([x]„ +1 ), 

fz([z]„) = OIq {[x]' a+1 z) = fH%([x] > a+1 is the zeroth a component, 
(for k > 0) H%([x]a +1 ,z) = H£ +k ([x]„ +1 ) is the mth zeroth a component. 

Since [a;]^ +1 is uniform, f K ([a;]a +1 ) = fz(Ma+i)> and since isomorphisms preserve components and 
component ordering, 

fH«([4 +1 =fH«([4 +1 

(for n, k > 0) H%([x]i +1 ) £* ff„ Q +fe (Ma + i)- 

Now, (a) allows us to 'vary' x in the expressions fH"([a;]^ +1 ) and H"([a;]a+i) for fixed n and n > 0, 
respectively, while (b) allows us to 'vary' n and n > in them, respectively, and always produce isomorphic 
components, respectively. • 

We say a component is a successor component if it has an immediate predecessor in the ordering taken 
modulo its rank, i.e., if the component is of form C = [x]^ but C/a has an immediate predecessor in 
- hence in any super-component of the latter in A/a. (For illustration, a component is a gap component if it 
does not have an immediate predecessor. We also then say that there is a gap at C. If a gap-component is of 
form C = [x]-£, the depth of the gap relative to C is S = (3 — a where (3 is minimal such that either B = [x]p 
has an immediate successor in A/0 (hence in [x]p), or that = rk(A). (Here — a = sup{7 : a + 7 < 0}.) 
For all 7 G (a, 0), C is the also the initial a component in [x]^. The absolute depth of the gap determined by 
that component is — 7 where 7 is minimal < a such that for all 5 € [7, a], there is a y such that D = [y]f 
is minimal in C/6 - and hence has no immediate predecessor, hence is a gap component. Note that for such 
y, D is a minimal hyper-component of as well a minimal element in [y]^ = [y]? , for any 7 <G [6.0). 

Isomorphisms preserve not only immediate successor-ship but as gaps and gap-depth as well.) The preceding 
justifies: 

(2.3) Definition ( Tail and successor-component ) 

Let denote the common isomorphism type of the tails of components of rank a in A, i.e., those 
representable as f[x]^ for some x € A - and hence as fH"([x]^ +1 ) for some x E A and n. 

Let S£ denote the common isomorphism type of the successor components of rank a in A, i.e., those 
representable as H"([x]^ +1 ) for some x G A and n > 0. 

Thus, 

(2.4) Lemma ( Tail lemma ) For x e A eU, 

f x A= ]T A„N, where A n = S r f +1 £* H?{[x]* +1 ). 

nerk(A) 

Proof Set C„ = [x]£- The statement is equivalent to f x C„ = J2 ien ^4jN, for n = rk(A). This follows 
by induction over n < rk(A). 

For n = 1, Ci G {N, Z} and A = 1, so fCi = N = ^ N. 
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Assume the lemma true for all i < a < rk(A). 

First let a = n + 1. Then by (2.1) t x C a = f x C n + A n N, but by inductive hypothesis, i x C n = X^ien A »N, 
giving l x C a — J2ien + AiN, hence the required result. 

Finally let a be a limit ordinal. Then for each n < a i x C n — X)nen A nN, and for every pair n < k < a, 
frCn embeds as initial segment into f x Cfe, giving again the required result. • 

[2.2] Tails of rank lu 

The preceding allows to classify all A £Uq(lu). 

(2.5) Definition For a G 5(w) set A(ct A (0)) = £ i£aJ A (°T* + : ) N 

With A(()) = (:= the empty chain), the above is tanatamount to setting A(s A (0)) = ^2 ieu A(s[i)N. 

(2.6) Lemma ( Rank lu tail representation lemma ) For every A £ U(cu) there exists a £ S(lu) such 
that fA = A(a A (0)). 

Proof Choose any x £ A and let i? = f x A. Fix s n £ S(n + 1) such that A(s n ) — [x]^. Since 

[x\n = ?x[x]ni in fact s " = s n A (°)- 

Define a sequence x n £ A such that xo — x and [x n+ i]^ +1 is the successor n + 1 component to 
in A/p n+ i. Note that [x„+i]^ +1 = [x n+ i}^ +1 . By uniformity of A (and hence B), [x]^ +1 = [x]^ + [x„]f N = 

+ [ x n]™ N > so A(s n+ i) = A(s n ) + A(f„)N, where s„ = s+ +1 and t„ G S(n + 1) such that t n = s~ +1 = 
s n +i\n + 1. and s n |"n = s~ = t~ = t n \n. Setting a = U neN s n \n £ S(u>), we get t n = s n+1 \n + 1 = a\n + 1, 
and thus 

f x A = B = J2 \ X X N = E Hn N = E A ^™) N = E A ^ + 1)N - A(a A (0)). 

n£N n£N nGN n£N 

Let y £ A, x ^ y. Fix fc such that xpfcy. Thus for n > k the above procedure leads to the same sequences 
t n , hence to the same s. • 

As an example, for every a £ S(u) and every n, we get fB(a, n) — A(a A (0)) for each of the chains 

B(a, n) = A(<r\n)Z + ^ A(a\n + i + 1)N. 

The attempt to characterise uniform chains of rank lu will be resumed in section 5. 
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[3] Chains of rank finite over a limit 



This is the main section of the paper. It describes a way to extend the Pastjin chain constructors to finite 
successors of limit ordinals A using the chains of rank A as 'building blocks'. 

[3.1] Chains of rank u+finite 

(3.1) Definition ( a successor ) Call x £ A an a successor (in A) if a is minimal < rk(A) such 
that [x] a has an immediate predecessor in [s] Q+1 . 

Say that x is an a successor in A/f3, where a < rk(A//3) and a < rk(A//3), if [x\ fj is an a successor in 

A/13. 

Examples: 

(a) Every successor element in A (i.e., every element that has an immmediate predecessor in [x\ l £ {N, Z}) 
is a O-successor. 

(b) If A has a least element x, then a; is a rk(A) successor. • 

(3.2) Lemma ( Successor induction ) Suppose x is an n successor in A(t), t £ S, where n £ 
{0, . . . , \t\ — 1} and let t £ {s + , s~} for some s £ S. Assume a canonical embedding of A(t) into A(s). 

(a) x is an n + 1 successor in A(s) iff n = \t\ — 1 and t = s + . 

(b) x is an n successor in A(s) in all other cases, i.e., iff n < \t\ — 1 or t = s~ . 

In other words, x is an n successor in A(s) iff x is an n successor in A(t), except when n — \t\ — l and t — s + , 
in which case x is an n + 1 successor in A(s) iff x is an n successor in A(t). 

Proof If n = \t\ — l and t = s + , then x is minimal in A(t) and A(s) = A(t) + A(s~)N; so x is minimal 
in A(s), so n is a n + 1 = rk(A(s)) successor. Conversely, if x is an n + 1 succssor, then x is minimal in 
A(s), and since it is also minimal in A(t) for t £ {s + , s~} wc cannot have t = s~ (since otherwise A(t) would 
be mapped onto one of the successor n components of A(s) of form A(s), contradicting minimality of x in 
A(s)), so t = s + . 

If n < \t\ — 1 it suffices to note that ^ = [a;]f for i = n, n + 1 so x is an n successor in A{t) iff it 
is an n successor in A(s). 

That leaves the case n = \t\ — 1 and t = s~ . In this case if x is an n successor in A(t) and rk(A(t) = n, 
then x in minimal in A(f); but A(t) is embedded as a successor n component into A(s), so n is now minimal 
such that x is a successor mod n, so x is also an n successor in A(s). Conversely, if x is an n successor in 
A(s), x is minimal in some successor n component of A(s), i.e., x is minimal in some A(s~), so f = s". • 

By the component tail lemma, for any x,x' £ A £ U(u),ui * 2), f[x] u = f^'],^- 

(3.3) Lemma ( Successor isomorphism ) For x,x' £ A £ U{lu,lu * 2), if both [x] u and are n 
successors in A/w for n < rk(A/w) < u, then [x] u = [x'] u . 
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Proof Let y, y f be immediate predecessors of x, x' mod uj + n Now, 

i=0 

where m = rk(A/w). By the block lemma, the isomorphism between i y A and f y 'A maps the second 
uj + n component of i y A isomorphically onto the second ui + n component of f y /A. Thus, [x] w+n = [x'] u+n . 
By finite induction over i = n — 1, . . . , 0, using that x and x' have no immediate predecessor mod ui + i for 
z = 0, . . . , n — 1, it follows that [x] u = [x'] u . The induction step is simply to note that if [a;] w+i+1 = [a;'] w+ j +1 , 
then also for the respective initial components of these, [x] w+ - — [x']^ +i , by another application of the block 
lemma. • 

(3.4) Definition ( 5-domains ) Define V{s) to be the closure of {s}, (s G S(< uj)) under t — > t + and 
t -f t~\ formally, £>(()) = {()} and if s+ £ 5, V{s) = {s}UV(s+)UV( S -), else (if s+ # S) V{s) = {s}UP(.r). 

(3.5) Definition ( 5-trees ) The binary tree T(s) of s e S(< uj) is the tree of height \s\ defined by 

(a) [Level 0] The top-node (root) of T(s) is (s;0), i.e., Lev T(s) = {(s;0)}. 

(b) [Level i — > level i + Suppose a = (t, k) e LcviT(s), where i < \s\ — 1. 

(b.0) If £ + ^ 5, i.e., if f(m) = m for to = |t| — 1, then <j° = (t~; 0) is the only extension of a in Levi+iT(s). 
(b.l) If t + e 5, i.e., if t{m) < m for m = \t\ — 1, then a 1 = (t + ; fc + 1) and a = {t~ , 0) are the only extensions 
of a in Lcv i+ iT(s). 

Order the extensions of a e T(s) by setting a 1 < a whenever a 1 is defined. This will induce an 
ordering on each level of T(s), and hence on the leaves of T(s), by setting in addition cr ' 1 < r ' 1 on level 
fc + 1 whenever a < r on level k. 

Notation Denote by X s (i) the ith. leaf of T(s). 

Corollary 

(a) T(s~) is a sub-tree of T(s). - Hence: 

(b) T(s~ k ) is a sub-tree of T(s), for every fc = 1, . . . , \s\ — 1. - More specifically: 

(c) Let fc be maximal < |s| such that s +k G S. Then T{s~ l ) is the sub-tree of T(s) extending node (s +l ; i) 
via node {s^ +l ^ ,0) ('to the right'), for every i = 1, . . . , fc, and T(s - ( fe+1 )) is the sole extension of T(s) 
at node (s +k ; fc). 

Proof (a) The top-node of T(s _ ) is (s _ ;0), which an extension (to the 'right', if s+ e 5, else the 
only) of the top-node (s;0) of T(s). (b) follows by induction, and (c) follows from s( +fe '~ = s~( k+1 \ • 

(3.6) Definition ( Association ) For each x e A = A(s) define the association between x and nodes 
a on T(s) as follows: 

(a) x — * (s, 0) 

(b) Supposing x — *■ <r = (i, fc) G T(s) for |t| > 1. Then 

(b.0) x — > c 1 = (t + , fc + 1) if [x]| t |_ 1 is the initial \t\ — 1 component of [x]^; 
(b.l) x — > cr° = (£~,0) if [x]| t |_ 1 is a successor \t\ — 1 component of [x]^. 

Also say that x is associated to a branch in T(s) if x is associated to each node of that branch. 
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Examples 



n<0)) { <(0};0) 



r«o,o» 



_ ((0,0); 0) _ 
I I 

((0>;i) T«o» 

((0,1); 0) 
I 



r«o,o,o» ^ 



^((o,o,i)) ^ 



^((o,i,o)) I 



((0,0,0);0) 



— ((0,0); 1) _ 

I I 
«o>;2> T((0)) 

((0,0,1);0) _ 



T«0,0» 



((0,1); i) 
I 



T((0,0» 



((0,1,0);0) 



— ((0,0); 1) _ 

«o>;2> T«0» 



r«o,i» 



T((0, 0,0,1)) { 



((0,0,0,1);0) 



((0,0,1);1) 



T((0,0,0)) 



((0,1); 2) 
I 

- T((0)) 



T«0,0» 



T((0, 0,1,0)) ^ 



((0,0,1,0);0) 



((0,0,0); 1) 



T((0,0,1)) 



_ ((0,0); 2) _ 

I I 
I ((0);3) T((0)) 



T«0,0» 
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Let x G A(t) where t G S and assume t G {s + ,s~} for some s G S and suppose A(t) canonically 
embedded in A(s). Suppose x is associated to the nodes of a branch in T(t) containing a node (u, 0), 
u G T>(t) C ~D(s). Then x is also associated to node (u,0) in T(s). Namely, in T(s), x is associated to (t, 1) 
if t = s + , else to (t, 0). In the latter case it follows immediately that the branch in T(s) extending (i, 0) to 
which x is associated is the same as the branch in T(i) . If i = ,s + these branches differ in the initial segment 
of nodes a for which x gets associated to the left successor a 1 of a. I.e., let i be such that x — > i) and 
x — > (^ + ^~; 0). Such a node must exist if x is associated to some node of form (u, 0). Then, in T(t), 

(a) x -> (t+i; j> for i = 0,. x - (t^O), 
while in T(s), 

(b) x -> j + 1) = (s +0+1) ; j + 1) for j = 0, . . . ,i if i = s+; 

(c) x -> = for j = 0, . . . ,i if t = s~. 

But in either tree, x — ► {t( + ^~; 0) = (s ± ^ +l ^~; 0), so the branches associated to x extending the latter nodes 
in T(t) and T(s), respectively, are identical. In particular, the branches associated to x extending (u, 0) in 
either T(t) or T(s) are identical. 

Notation ( Leaf number ) Let £(s) denote the number of leaves in T(s). Note that £{s) = £(s + ) + 
£{s~) if s + is defined and £{s) — £(s~) else. £{s) will figure as the length of certain arrays to be defined. 
A basic list of £(s) examples is: 

£((0)) = 1 

£((0, 0» - £((0)) + £((0)) = 1 + 1 = 2 £((0, 1)) = £((0)) = 1 

£{(0, 0, 0)) = £((0, 0}) + £((0, 0)) = 2 + 2 = 4 £((0, 0, 1)) = £((0, 1)) + £((0, 0)) = 1 + 2 = 3 

£((0, 0, 2)) = £((0, 0» = 2 £((0, 1, 0)) = £((0, 0» + £((0, 1)) = 2 + 1 = 3 

£({0, 1, 1)) = £({0, 1}) + £((0, 1)) = 1 + 1 = 2 £((0, 1, 2)) = £({0, 1)) = 1 



(3.7) Definition ( Weight ) For a node a G T(s) set tp s (a) — k just if a = (t, k) for some t G V(s). 
For x G A(s) set ^> s (x) = f/' s ( cr ) f° r the l cai CT G Lev| s | (T(s)) associated to x. For i < £(s) set tp s (i) = 

(3.8) Lemma ( Weight induction ) Suppose x G A(t) has weight n, where t G 5 and n G {0, . . . , \t\ — 
1} and suppose t G {s+, s - } for some s G S. Then for all n G {0, . . . , |t| — 1}, ij) s {x) = n iff ^>*(x) = n, 
except when n = |t| — 1 and < = s + , in which case ij) s {x) = n + 1 iff ^£>*(x) = n. 

Proof Let t G {s+, s~}, n = \t\ - 1 and x G A(t). Then 

^>*(x) = ra iff x — ► (j for some er G Lev„(T(i)) such that ^(a) = n 
iff x->ct = ((0);n) 

iff t+" = (0) G 5 and x n) = ((0); n) 

iff f = t~ A (0) and x (t+ n ; n) = ((0); n) 
iff x — > ; i) , for each i = 0, . . . , n, 

i.e., x is associated to each node of the left-most branch of T(t), given by (t, 0), (t + , 1), . . . , (t +t ; «),..., ((0); n). 
Case (a): Suppose the ^(x) = n = \t\ — 1. 
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Case (a.O): If also t = s + , then x is associated to each node (s +l ; i), for i = 0, . . . , n+ 1, of the left-most 
branch of T(s), given by (s, 0), (t, 1), 2), . . . , (t+\ i + 1), . . . , ((0); n + 1), and so ip s (x) = n + 1. 

Case (a.l): If on the other hand t = s~ , then a; is associated to nodes (s,0), (s~,0) = (i,0), and hence 
each node = for i = 0, . . . ,n of the branch (s,0), (i,0), 1), . . . , i), . . . , «0);n) of T(s), 

and so ^ s (a;) = n. 

Case (b): Suppose on the other hand that ^(x) = n < \t\ — 1. Then there is some least i < n such that 
x is associated with each node of the branch (t, 0), . . . (t +l ;i), (t' +4 ^;0). (I.e., for some i < n, x must get 
associated with 0), else we are back in case (a.O). For the least such i, x is associated with the branch 

just described.) Hence in A(s), x is associated to each node of the branch (s, 0), (t, fc ), . . . {t +l ; fcj), 0), 
where kj = j + 1 if t = s + and kj = j if f = s~. The remaining nodes of the branches in either T(t) or T(s) 
with which x gets associated are now identical. Thus ^(x) = ip s (x), as required. • 

Corollary Let s G S and let n = \s\ — 1. 



(a) 




V> s+ (0) + 1 if s +n = (0) e S (i.e. s = s" A (0)) 



else 



(b) For < i < £(s), 




Corollary 

(a) If s = s~ A (0) (and so s 



^+ e S), then for all i < £(s) = £(s+) + £(s~) 




ijj s (i) + l fori = 



i}j s+ {i) fmO< i<£{s+) 

i> s ~ (£{s+) + i) for £{s+) < i < £(s) 



(b) If s+ e S but s ^ s- A (0), then for all i < £{s) = £(s+) + £(s~) 




(c) If s+ g S, then for all i < £(s) = £(s~) 



tp s (i) = ?p s ({) for i < £(s) = £{s~) 
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Examples: 

(i) Compare T(s) for s = (0,0,1) or s = (0,0,0,1) with those for s = (0,1,0) or s = (0,0,1,0) given 
above. The latter are examples in which case (a) of the preceding corollary applies. 

(ii) Compare T(s) for s = (0, 0, 2, 1), s = (0, 0, 1, 2) and s = (0, 0, 1, 3) with T((0, 0, 1)). 



T((0, 0,2,1)) 



((0,0,2, 1);0> 



((0,0,1);1) 



T((0,0,2)) 



((0,1); i) 
I 



T((0,0)) 



T((0, 0,1,2)) 



((0,0,1,2);0) 



((0,0,2); 1> 
T((0,0» 



T((0,0,1)) 



T((0,0,l,3)) 



((0,0,1,3);0) 
I 

T((0,0,1» 

(hi) Compare T(s) for s = (0,1,0,1), s = (0,1,0,2), and s = (0,1,0,3) with T( (0,1,0)). 



T((0, 1,0,0)) 



((0,1,0,0);0) 



((0,1,0);1) 



T((0,1,0)) 



_ ((0,0); 2) _ 

I I 
((0>;3> T((0» 



r«o,i» 



((0,1,0,1);0) 



T((0, 1,0,1)) 



((o,i,i);i) 



T((0,1,0)) 



((o,i); i) 

I 



^((0,1)) 



T((0, 1,0,3)) 



((0,1,0,3);0) 
I 

T((0,1,0)) 
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(3.9) Lemma ( Weight isomorphism ) 

(a) Every x £ A(s) is a ip s (x) successor. 

(b) Suppose A/uj A{s). Then for all x,x' £ A, if ^ s ([a;]J = ^ S (MJ < rk(A/w) = rk(A(s)) < w then 

Proof (i) By induction on rk(A(s)) = |s| — 1. 
For s = (0) the claim is vacuously true. 

For \s\ — 2, ip s (x) = 1 iff x — > ((0); 1) = (s, 0} + iff a; is minimal in A(s) iff a; is a rk(A(s)) = 1 successor, 
and ip s {x) = iff x is a successor (i.e., has an immediate predecessor in [x] 1 = N). 

For s = (0,0), there is exactly one x £ A(s) = N for which each statement in the first chain of 
implications holds. For any other element in N, and any element in A((0, 1}) = Z, both statements of the 
second implication apply. 

Let s £ S and suppose the statement is true for t £ {s+, s~} n S, i.e., x is an n successor in A(t) iff 
V>* (x) = n, for all n £ {0, . . . , \s\ — 1}. Assume A(t) embeds canonically into A(s). By the successor induction 
lemma, for all n £ {0, ... , |t| — 1}, x is an n successor in A(s) iff x is an n successor in A(t), except when 
n = \t\ — 1 and f = s + , in which case x is an n + 1 successor in A(s) iff x is an n successor in A{t). By 
the weight induction lemma, for all such n, ip s {x) — n iff ^(x) — n, except when n = \t\ — 1 and t = ,s + , 
in which case tp s {x) = n + 1 iff ^>*(a;) = n. Thus, by inductive hypothesis, x is an n successor in A(s) iff 
^^(x) = n, for all n £ {0, . . . , \s\ - 1}. 

(ii) Follows from (i) and the successor isomorphism lemma: Suppose A/uj = A(s). If V' S (W W ) = 
i> 8 {[x'] u ) = n for x,x' £ A and n < rk(A/w) £ u), then by (i), [x] u and are n successors in A/lo. Again 
by the successor isomorphism lemma, = [x']^, as required. • 

(3.10) Definition ( Plus finite rank Pastjin uniform chain constructor — long version ) Let Mi £ 
U(uj) 7 i £ ui. Define 

A((0»[M o ] = 1[M ] = M 
and for t(s) arrays (M , . . . , M £(s) _!) £ l{s ^U{u>), 

a(^ m M i_ f A(*-)[M ,...,M /(O _ 1 ].Z if *(n)=n 

A(5j[M , . . . , ^ /W _!j - | A(s+)[Moj . . . ? M f ( s+ )_!] + A(s-)[M e{s+) , . . . , M^.^.N if s(n) < n 

where n — \s\ — 1 (and where the '.' is meant to regulate precedence of operations in the usual fashion). The 
sequence M = M[ .£( s )) = (Mo, . . . , M^^_i) is subsequently called the array (of building blocks) of the con- 
structor, and A(s+)[M , . . ■,M t ^+' ) _ 1 ], respectively A(s")[M , . . . ,M £(s -)_ 1 ] or A(s-)[M £(s+) , . . .,M £(s )_ 1 ] 
(whichever applies) are referred to as the 'plus', respectively 'minus' sub-components of A(s)[M , . . . , M^_i}. 

Note that A(s)[M]/w = A(s). 

A basic list of such chains of rank finite over ui contructed with £(s) arrays is: 
A((0»[M ] =M 

A((0, 0))[M , Mi] = M + MxN A((0, 1»[M ] = M Z 

A((0,0,0))[M ,M 1 ,M 2 ,M 3 ] = M + MxN + (M 2 + M 3 N)N 

A((0, 0, 1))[M , Mi, M 2 ] = M Z + (Mi + M 2 N)N 
A((0,0,2))[M ,Mi] = (M + MiN)Z A((0, 1, 0))[M , Mi, M 2 ] = M + MiN + M 2 ZN 



A((0,l,l))[M o ,Mi] =M Z + MiZN A((0, 1, 2))[M ] = M Z 



2 
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Arbitrary chains of the above form will not in general be uniform again (even with Mi £ U(lo)). 

(1) Order-isomorphisms between tails of chains induce (restrict to) order isomorphisms between the initial 
components of these tails. The set of initial lu components of tails of A = A(s)[Mq, . . . , Af^( a )_i] is the 
set of tails fMo, . . . , iM^/ s \_i. These must be pairwise isomorphic, if A is uniform. 

(2) Order-isomorphisms between tails of chains induce isomorphisms between the components that are 
'successors' to the initial components of the tail chains. This yields a partition of the set Mo, . . . , Mg( s )_i 
into subsets of pairwise isomorphic members. For instance, any two M i} Mj that are be successor lu 
components in (tails) of A must be isomorphic, any two M i} Mj that can be initial lu components in 
successor lu + 1 components in tails of A must be isomorphic, etc. 

(3.11) Lemma ( Uniformity over limit rank ) If A = A(s)[Mq, . . . , Mm s \_i\ is uniform, then 

(a) fMj = fMj for all i,j < £(s), and 

(b) Mi = Mj whenever ip s (i) = ij) s (j). 

Proof (a) is immediate by the fact that for any x,x' £ A, f[x] w = f[x'] u by the component tail 
isomorphism lemma. 

(b) By the weight isomorphism lemma it suffices to show that ip s (Mi) — tp s (i) for all i < £(s). For this 
in turn it suffices to show that Mi — > X s (i) for all i < £(s). 

This follows by induction on rk(A(s)), s £ S(< lu). By definition of the association of x £ A(s) to nodes 
a £ T{s), 

(a) Mi -> (s, 0) £ T(s) for all i < £(s), and 
(b.0) if s+ £ S, then M l (s+, 1) £ T(s) for all i < £(s+), M t (s",0) £ T{s) for all £{s)+ < i < £{s), i.e., 

M lf(s+)+i ( s_ ,0) £ T(s) for all i < £(s~), while 
(b.l) if s+ S, then Mi -» (s",0) £ T{s) for all i < £{s) = £(s~). 

Suppose s+ £ S, then, if A s+ (i) = ((0);fc) for i < £(s+), then X s (i) = ((0);fc + 1) for i = 0, and 
X s (i) = ((0);fc) for < i < £(s+); and if A s_ (i) = «0);fc) for i < £(s"), then A s (^(s+) + i) = ((0);fc) for 
i <£(s"). 

Suppose s+ e 5, then, if X s ~ (i) = ((0); fc) for i < £{s~), then X s (i) = ((0); fe> for i < £{s). 

In case (b.l) it follows immediately from the inductive hypothesis that tp s (Mi) = tp s (Mi) — tp s (i) = 

In case (b.0), 

(a) r(M ) = r + (M ) + 1 = v s " (o) + 1 = r(o), 

(b) V s (Mi) = V + (M t ) + 1 = ip s+ (i) = i) s (i) for < i < £(s+), and 

(c) V(M t(s+)+i ) = V + (M t ) - r + (*) = V(t(s+) + i) for £(s+) < i < £(s), 
again by inductive hypothesis. • 

Examples: By earlier calculations, 

(i) £((0, 1, 0)) = £((0, 0)) + £((0, 1)) = (£((0)) + *«0») + £((0)) = 3, 

(ii) £((0, 0,1)) = £((0, 1)) + m 0)) - *«0» + (£((0)) +£((0))) = 3- 
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Thus, for (i), 

A«0, 1, 0»[M , Mi, M 2 ] = A((0, 0))[M , Mi] + A((0, 1))[M 2 ].N 
= (l + N)[M ,Mi]+Z[M 2 ].N 
= M + MiN + Af 2 ZN, 

((0,1,0);0) 



3~«0,1,0)) <( ((0,0); 1) ((0,1); 0) 

I I I 

((0);2) ((0);0) ((0);0) 

So, V (04 ' 0> ( M o) = 2, V <0 ' 1,0> ( M i) = ^'^(Mz) = 0, so Mi = M 2 . Hence, the uniform sets contucted from 
A((0, 1, 0)) over uniform rank uj chains arc of form A((0, 1, 0})[M , Mi, Mi] = M + MiN + MiZN. For (ii): 

A((0,0,l))[M ,Mi,M 2 ] = A((0,1))[M ]+A((0,0))[M 1 ,M 2 ].N 
= Z[M ] + (1 + N) [Mi , M 2 ] .N 
= M Z + (Mi + M 2 N)N, 

( ((0,0,1};0) 

1 1 
T( (0,0,1)) { ((0,1); 1) ((0,0); 0) 

! i i i 

l ((0);0) «0);1) «0);0> 

So, V <0,0,1> ( M o) = V' <0 ' ' 1> ( M 2) = 0, V <0 ' 0,1> ( M i) = !> so M o = M 2 . Hence, the uniform sets contucted from 
A((0, 0, 1)) over uniform rank u chains arc of form A((0, 0, 1))[M , M x , M ] = M Z + (Mi + M N)N. • 

To show that condition (a) and (b) is also sufficient for uniformity of A we need to calculate its tails, 

fA. 

[3.2] Tails of rank w+finite 

3.12 Definition ( Tail array ) Given an array M^( s ) = [Mo, . . . , Mg( s )_i], define the array f s (M^( s )) 
by induction over T>(s): 
First, define 

f <0) (M /(<0 ) ) )=f([Mo]) = [fMo] 
f<o,o>(M /((0 ,o))) = f([Mo,Mi]) = [fM ,Mi] 
f<o,i>(M /(( o,i))) = f([M ]) = [fM ,M ] 

Next suppose f t M^( s ) is defined for all t e T>(s). For a given £(s) array M^ s ) = M[ ^( s )) set 

f fivr \ = f f "+( M ^(*+)) A M ie(s+)As)) if s+ e 5 ' 
MJv± /(i) ; | {g _ {Me(s)) A M/(a _ ) elge (Le j s + g S y 

Tail-operation shall take priority over concatenation. 
Note that the definition is consistent with the fact that 



M£( s+) A M[£ (s +)^( s )) = M[ ,£( s +)) A M[^( s +)^( s )) if s+ e 5 
) 1 M £(s -) = M [0 ^ (a -)) else. 
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The index V on the f operator is necessary in order to disambiguate dcfinicns f s -M^( s -) from dcfinien- 
dum f s M^( s ) when s + £ S, as in this case M^( s ) = M^( s -j. (E.g., we may have M^ )) = [M] = M^ ,i))) 
but the array of lu blocks for fA((0, 1))M^(/q i i)) = fM + MN contains two elements (fM and M), while that 
for fA((0))M£(( )) = fM contains only one (fM), i.e., f-operations on [M] depend on the sequence for which 
[M] is the array.) 

Example: Let's calculate fA for A = A((0, 0, 1, 2})[M , M x , M 2 , M 3 , M 4 ]. Note that 

£((0,0, 1,2)) = £((0,0, 2)) + £((0,0,1)) 

= £((0,0)) +£((0,1)) +£((0,0)) 

= £((0))+£((0))+£((0)) + £((0))+£((0)) = 5 

and 

A((0, 0, 1, 2»[M , M l7 M 2 , M 3 , M 4 ] = A((0, 0, 2»[M 0) Mi] + A((0, 0, 1))[M 2 , M 3 , M 4 ].N 

= A((0,0))[Mo,M 1 ].Z + (A((0,l))[M 2 ]+A((0,0))[A/f 3 ,M 4 ].N).N 
= (M + MiN)Z + (M 2 Z + (M 3 + M 4 N)N)N. 

But T((0, 0,1,2)) is: 

«0,0,1,2>;0) 



((0,0,2); 1) ((0,0,1);0) 



((0,0), 0) _ ((0,1), 1) _ ((0,0), 0) _ 

II I II 

«0>,1) «0>,0) ((0),0) ((0),1) ((0),0) 

Thus ^ s (0) = V s (3) = 1 and ^ s (l) = = V> s (4) = for s = (0,0,1,2) so assuming A satisfies the 

uniformity conditions, 

fM; = tMj for alii, j < 5, M M 3 , Mi = M 2 =* M 4 
A cut-off point a; in A may be chosen in five locations generically described by 

(1) x — (a, fc) G M x fc for fc G Z from an w sub-component of form M of the first co + 2 component of A 
(of form (M + MiN)Z). 

(2) x — ((a, n),k) G M\ x n, fc for n G N and fc G Z, from an w sub-component of form Mi x n of the first 
w + 2 component of A. 

(3) x = ((a, k),n) G Af 2 x fc, n for n G N and fc G Z, from an w sub-component of form M 2 x fc of a successor 
lu + 2 component of A (of form (M 2 Z + (M 3 + M 4 N)N) x n). 

(4) x = ((a,m),n) G M 3 x m,n for m, n G N, from a an w sub-component of form M 3 x to of a successor 
to + 2 component of A. 

(5) a; = (((a, I), to), n) G M 4 x Z, to, n for Z, to, n G N, from an w sub-component of form M 4 x I of a successor 
w + 2 component of A. 
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Correspondingly, 



(fM + MiN) + (M + MiN)N + (M 2 Z + (M 3 + M 4 N)N)N cut-off (1) 

(fMi + MiN) + (M + MiN)N + (M 2 Z + (M 3 + M 4 N)N)N cut-off (2) 

I' ! = ^ (fM 2 + M 2 N) + (M 3 + M 4 N)N + (M 2 Z + (M 3 + M 4 N)N)N cut-off (3) 

(fM 3 + M 4 N) + (M 3 + M 4 N)N + (M 2 Z + (M 3 + M 4 N)N)N cut-off (4) 

(f M 4 + M 4 N) + (M 3 + M 4 N)N + (M 2 Z + (M 3 + M 4 N)N)N cut-off (5) 

which are pairwise isomorphic under the uniformity conditions. 

3.13 Lemma ( Tail uniformity ) If M^ s ) = [Mo, . . . , M^_x\ satisfies the conditions of the unifor- 
mity over limit rank, then f s +M [0 ^( s +)) = f s -M^ (s -)^ (s)) . 



Proof By definition 
f s+ M 

while 

f s - ( M -[£(s+),e(s))) 



f s ++(M[ .£( s ++))) A M^( s ++)^( s +)) ifs++G<S, 
Ms+)) 1 f.+- (M [0As+ - }) ) A M [0As+ - }) else (i.e., if s++ S): 



{ s -+ (M^( a+ )^( a +) +< ( s -+))) 



if. 



f«— ( M ie(s+)As))) A M [£(«+)/(s)) A M lt(s+)+£(s-+),e(s)) else (i.e., if s + & S), 



the latter by applying the definition to the array M.[ Ql e(t)) — ^-[e(s+),i(s)) f° r t = s~ . 

We shall be tacitly using the fact that s + ~ = s~~, and hence £(s + ~) = t(s~~) and f s +- = f s --. If 
A = (Ai, . . . , A n ) and B = (B\, . . . , B n ) are arrays of chains, we write A = B to express that Ai = Bi for 
i = 1, . . . , n. 

If the uniformity over limit rank conditions apply to M^( s ), then the following hold: 



Case (a) s ++ e S, s~ + e S 



Case (b) 



o + + 



Case (c) s++ e 5, s"+ £ S 
Case (d) s++ S, s~ + G 5 



M 
M 
M 



(«++),*(*+)) 
[o,/(«+-» 
ie(s++),e(s+)) 



Mr, 



M 



[<(«+),*(«+)+*(«-)) 



M 



[0,<( S +-)) 



M 



[£(s+)+e(s-+)As)) 



In case (a), note that by leaf- length arithmetic, 



M 
M 



{s+ + ),£(s++)+e(s+-)) 



[£(s+)+e(s-+)As)) 



M 



[e(s+)+i(8-+),e(s+)+t(s-+)+e(s—))- 



This follows from the partial 'tree isomorphisms' between the subtree of T(s) extending {s^ , 0} and 
the one extending (s~~,0), which in turn is immediate form s + ~ = s~~. (The aforemetioned subtrees are 
both isomorphic to the tree T(t), for t = s H = if we consider trees T(s) as partial orders over a set 
of nodes (t,k) £ V(s) x \s\.) Call these subtrees T+~ = Ext(T(s, (s+",0)) and T = Ext(T(s, (s~,0)), 
respectively. Let temporarily '^->' denote the embeddings of T H and into T = T(s), and let [a, b) 
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denote the 'interval' between leaves a (inclusive) and b (exclusive) of Lev| s |(T). Then 



[a] 


s++ e S, 8 - 




: Lev| s+ - 


\(T + -) 


^[X(£(8 ++ )),X(l(8 ++ )+£(8+-))), 












= [x(e(8 ++ )),\(£(8+))) 








Lev| s — 




^ [\{£{s+) + £{s-+))), X{£(s+) + £(s 












= [X(£(8 + )+£(8-+)),\(£(8))) 




s++ g S, s- 




: Lev| s +- 




^[\(0),\(£(s+-))), 








Lev| s — 


i(^~) 


^[X(£(8 + )),X(£(8+)+£(8-))) 


[c] 


s++ 6 S, s~ 




: Lev| s +- 




^[X(£( S ++ )),X(£(8+))), 








Lev| s — 




^[X(£(8+)),X(£( S ))) 


[d] 


s++ $ S, s- 




: Lev| s +- 


\{T + -) 


^[X(0),X(£(8+-))), 








Lev| s -- 




^[X(£( s + )+£(8- + )),X(£(8))) 



Schematically, where the underlines indicate isomorphisms between leaf-intervals: 
Case s++,s-+ G S: 

(s;0) 



(s";0) 

I I I I 

2) T(s+~) (s-+;l) T(«~) 



Case s-+ <£ S: (a+~ = s~) 



(s;0) 



Case s++ e S, s~+ S: 



(s+;l) (s-;0) 
I I 

( S ;0) 



Case s++ S, s~+ G 5: 



(s-;0) 

I I I 

(s++;2) T( 8 +~) T( 8 — ) 

(«;0> 



(s+;l) (s-;0) 

I I I 

T( S +") («-+;!> r( S ") 
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Using the inductive hypothesis and s + = s , 

f s ++M[ 0i£(s ++)) = f s +-M[£( s ++)^( s +)) 

= f s — ^■[t(8++),Hs++)+e(s — ))) 

fa- + M[ ^(g-+)) = f s — M[^( s - + ) )< ( g -)) 

= f s — M^( s -+)^( g -+) +< ( s — )), 

fg- + M [£(g+),£(g+)+^(s-+)) — fs-- M [£(s+)+£(s- + ),£( s +)+<?(s-)) 

= f s — M[^( s +) + ^( s - + ) ) £( a )). 

So, 

fg+M[ ^(g+)) = f s --M[^( s ++)^( s +)) A M[ < >( s ++)^( s + )) , 

fg- M [^(g+),£(g)) = fg-- M [^(g+)+^(g- + ),«(g)) A M[£( s +) + £( s - + )^( s )). 

But by (a), the 'second halves' are isomorphic M^( g ++) ; ^( g +)) = M-[n a +)+t^ s -+)+e( s ))- In the immediately 
preceding equations, the respective 'first halves' of f g +M[ ^( g +)) and i s -^-[e(s+),t(s)) are isomorphic to tails 
of the 'second' ones, hence also isomorphic to each other, hence so are the respective left-hand terms, as 
required. 

Case s ++ , s h £ S: In that case, 

f s + M [o,£(s+)) = fg+- M [o,£(g+-)) A M [o,£(s+-)) 
f s - M [£(s+),£( s )) = fg--M[£(g+),«( s +)+£(g-)) A M^g+^a+j+^g-)) 
= fg-- M [£(g+),«( s )) A M[£( s +)^(g)) 

Now by (b), M[ .£( s +-)) = M-[t( s +),t(s+)+t(s-)) = M.^ s +^ e ^y it follows immediately that the respective 
first and second 'halves' are isomorphic, whence so are the respective left-hand terms. 
Case s ++ 6 5, s~ + £ S: Using the inductive hypothesis ans s + ~ = s~~, 

fg+M[ ^(g+)) = f s ++M[ 0; £(g++)) A M[£( s ++) ; £(g+)) 

= f s +-M^(g++)^(g+) A M[ £(s ++)^( s +)) 
= f g — ^-[e( s ++),e(s+) A M[£( s ++) j £( s +)) 
f s - M [£(g+),£( s )) = i s --^-ie(s+)j{s + )+e(s-)) A M^ (;5 +)^( s+ ) +£ ( ;s - )) 
= fg-- M [£(g+),«( s )) A M[£( s +)^(g)) 

By (c), M^( s ++) ; £(g+) = M^( s +) ; £(g)), it follows again that the respective first and second 'halves' are 
isomorphic, whence so are the respective left-hand terms. 

Case s ++ £ <S, s~+ e S: From s H = ,s~~ and the inductive hypothesis, 

f s + M [0,£(s+)) = fg+- M [0,£(g+-)) A M [0,£(s+-)) 

= fg-_M[ ^(g+-)) A M[ 0; £(g+-)) 

fg-M[£(g+),^(g)) = I s- + M [£( s + ),£( s +)+£(s- + )) A M[£(g+) + ^( s -+)^(g)) 

= fg--M[^(g+) + £(g-+)^(g)) A M[£(g+) + £(g-+)^(g)), 
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whence (d), M[ .£( s +-)) — ^-[i( s +)+e(s-+ ,i(s)) implies that the respective segments, and hence the respective 
left-hand terms are isomorphic. • 
As a corollary, we get 

3.14 Lemma ( Uniformity over limit lemma - sufficiency part ) If M^ s ) = [M , . . . , M^ s )_i] satisfies 
the conditions of the uniformity over limit rank, then A = A(s)[Mq, . . . , M^ s )_i] is uniform and in fact, 

f(A( S )[M, (s) ])=A(f S )[f s (M, (5) )]. 



Proof Base-cases: The condition is vacuous for s = (0). Cleary, A((0, 0})[M , Mi] £ U(ui + 1) just if 
fM =ihh (there arc no further conditions on [M ,Mi] as V <0 ' 0> (0) ± V> ( °' 0> (1)), f<o,o> [M , Mi] = [fM , MJ, 
and 

f(A«0, 0))[M , Mi]) - f(M + MiN) ~ M + M X N = A((0, 0})[M, M x ] 

for M ^ fM = fMi. For A((0,1))[M ] £ U(u) + 1) there are no further conditions on [M ] (except the 
underlying that M G f< ,i)[[M ] = [fM ,M ], and 

f(A((0, 1))[M ]) = f(M Z) = M + M N = A((0, 0))[M, M ] = A(f(0, 1})[M, M ] 

for M = fM = fMi. 

Let now s £ S and assume the lemma is true for all t £ V{s). 
Case s + 5: Here, 

f(A( S )[M, (s) ])=f(A( S -)[M[, (s+)i , (s)) ].Z) 

= f(A( S -)[M, (s - } ]) + A( S -)[M [ , (s+)/(s)) ].N 
= A(fs-)[f s -(M, (s - )) ]+A( S -)[M [ , (s+)As)) ].N 
= A(f«>[f a -(M /(0) A +[M, (S - } ].N 
= A(fs)[f s M £(5) ], 

using the inductive hypothesis in step 3, the definition of A(t)[M£( t )] for t = fs in step 4, and the definition 
of f s (]VL( s )) in step 5. 
Case s + £ S: Here, 

f(A( S )[M, (s) ]) = f(A( s +)[M, (s+) ] + A( s -)[M [£(s+)i£(s)) ].N) 

= f f(A( s +)[M, (s+) ]) + A(s-)[M [/(8+)i/(8)) ].N cut-off in A(s+)[M, (s+) ] 

\f(A(s )[M £(s -)]) + A(s )[M [e{s+)As)) ].N cut-off in some A(s )[M [e{s - )As) } x {n}. 

By inductive hypothesis, 

f(A(s+)[M, (s+) ]) = A(fs+)[f s+ (M, (s+) ], 
f(A(s-)[M Ws+)i£(5)) ]) = A(fa-)[f,-(M [/(8+)i/(8)) ]. 

But fs+ = fs - = s = A (0) by the tail string lemma, and f s + (M[ .i( s +))) = f s - {^-[e(s+),i(s))) by the tail 
uniformity lemma. • 
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3.15 Remark The following description yields an equivalent definition of f s . The base case is as in 
definition 3.12. For the inductive step, suppose f t (M^( t )) is defined for every t E D(s). Let n(s) = \s\ — 1 
and k(s) — max{i < n(s) : s(i) = i} 

(a) Case k(s) = n(s). Then £(s) = £(s~), while £(is) = £((is)+) + £((fs)-) = £(i S -) + £{s~). By hypothesis, 
f(M^( s -)) is defined. So 

f 8 (M /(a) ) =f 8 -(M /(8 -)) A M /(8) 

(b) Case k(s) < n(s). Then l(s) = £(s+) + £(s~), and £(is) = £((is)+) + £((is)-) = £(is") + £(s~). Let k 
maximal < n(s) such that s~ k E S. By induction 

£(s) = £(s- k ) + £(s-( k -V) + ...+ £(s~), 

and by hypothesis, f 8 -* (M^ 8 -i)) are defined for i = 1, . . . , k and f s - k (M^ s -k^) is defined by case (a). 
So 

f s (M£( s) ) = f 8 -fc(M^ 8 -fc)) A M [£ ( 8 -(fc-i) );£ ( 8 -(A,-2))) A ... A M[^ s -2^ e ^ s -^ 



[3.3] Short representations 

Set w s = ran(?/> s ). Given A = A(s)[M i ] i< es , by the w+finite uniformity lemma, there are chains Uk E W(w), 
k Ew s such that 

(V*G^(s))[M i = I^. (i) ]. (3.2) 

(i.e., the set {Uk ■ k E w s } contains just one representative (suitably tagged) under isomorphism, for each of 
the possibly non-isomorphic u> components.) Set A(s){(Uk, k)}kew s '■= A(s)[Mi] i<e ^ s - j whenever (6.3) holds 
and refer to this as the tagged short representation of A = A{s)[M i ] i< ^ s y Also refer to U = {{Uk, k)}kew 
as the tagged short array of that representation and to U as the tagged reduction of M = (Mj)^^). 

Corollary For any s E S(n + 1) and any {Uk ■ k € w s }, Uk € U(u) such that 

W k Wi for any k, I E w s , (3.3) 

A(s){(Uk, k) : k E w s } is a uniform chain of rank u + n and every A E U(oj,lj + u) has a repsentation of 
this form. 

Whenever referring to a set {(Uk,k) : k E w s }, Uk E U(uo) as a tagged short array, condition (3.3) is 
assumed to hold. 

Example Consider s = (0, 0, 1, 0): T(s), fully expanded, is 

«0,0,1,0);0> 

I I 
((0,0,0); 1) «0,0,1);0> 
I I 

((0,0); 2> «o!o);0) ((0,1); 1) «0,0>;'o> 

((0)|S) «0>;0) «0)|l) «0);0) ((0>;0) ((0)! 1) «0);0) 

21 



so tp s = (3,0, 1,0,0,1,0} and with a tagged short array {{U a ,0), {Ui, 1), {U 3 ,3}}, U ,U 1 ,U 3 G U{w) 
A((0, 0, 1, 0)){{C/ , 0), {U u 1), (U 3 , 3}} = A((0, 0, 1, 0))[U 3 , U , U u U , U , U u U ] 



If it seems that the price in tags seems high compared to the apparent gain in length-reduction, observe 
for example that for all s n = (0) A (l' n+1 ^}, £(s n ) — 2", while \w s " \ = 1. This will be become relevant in 
situations where sequences s n arise naturally (such as when approximating A G U(lu + lu)). 

Moreover, the tagging can be made dispensible in turn, by defining a canonical ordering. There is an 
obvious association between the nodes of form (t, k) of T s and components of A = A[Mi] i< ^ of form 
A(t)[Mi] ie j. (Here J is a sub-interval of [0,£(s)), i.e., (Mi) ie j is the set of building-blocks (M-) i<t n\ 
used for that component). Namely, starting with A at the root and proceeding dow the tree, associate the 
'plus'/'minus' subcomponent (s) arived at to the 'plus' /'minus' extension(s) of the node arrived at. Next, 
extend that association to the tagged short arrays of these components. It then turns out that along any 
branch <7o, . . . , aj, . . . , a n — ((0), fc ), . . . , (t, k), . . . , (s, 0) of T s , proceeding from the leaves to the root, the 
arrays XJt,k associated to the nodes (t, k) in that way form a chain whose members increase in size by at most 
1 over their predecessors. That generates an ordering of the elements in the union over such a chain (e.g., 
the order of 'aquisition'). But that union is always U = U Sj o, the array for A itself (that gets associated 
with the top node). For a 'canonical' ordering it then suffices that we can always single out a unique such 
branch, say by chosing the right-most one (i.e., following consistently the 'minus' extensions as considered 
from the root). 

Example Here is the 'associated' tree of tagged short arrays for t G D(s) for s = (0,0,1,0) of the 
preceding example - note that the tags on the chains in TJt.k now represent the weights from the weight- 
sequence of sequence t of the corresponding node (t, k), not the weight k of the node: 

{(f/o,0),(f/i,l),(f/ 3 ,3)} 
i 

{([/ ,0),([/i,'l),([/ 3 ,2)} {'(t/o,0),([/i,l)} 
i i 

{(U ,0),(U 3 ,1)} {(Uo,0),(U u l)} {(U o ,0)} {(*7 ,0},<t/i,l)} 

. 1 . 1 ' | . 1 - 

{(U 3 ,0)} {(^o,0)} {(*7i,0)} {(U ,0)} {(U o ,0)} {(ujo)} {(U ,0)} 

The 'canonical' ordering of the chains in the tagged short array would thus be (Uo, Ui, U 3 ), corresponding 
to the right-most branch, starting at leaf i — 6. (E.g., using the left-most branch, starting at leaf i = 
would result in (U 3 ,Uq,Ui) and starting at leaf i = 1 would result in (Uo,U 3 ,Ui). Etc.) The canonically 
ordered array shall be the desired short array. Since the size of U^fc is equal to that of w', some facts are 
required about how |w s | relates to \w s± \ in order to implement this. 

(3.16) Definition ( Leaf-intervals of components and component-node association ) Suppose A = 
A[Mi] i<£ ( s ) £ U{to + n), where n = \s\ — 1. 

(i) Set C S fl = [0,£(s)), the leaf interval of A. Associate A to (s,0). 

(ii) Let (t, k) G T s and supose C t ,k C £ Si o is the leaf-interval (of length £(t)) of A t .k — A(t)[Mi] iG c t k and 
suppose A t .k is associated to that node. Let m = \t\ — 1. 
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(a) If t(m) = m then (t~ , 0} is the only extension of (t,k) £{t) = £{t~), and A(t)[Mi] ie c t k = 
A(t~)[Mi] ieCtJe .Z, so set C~ k := C t - >0 := C t ,k and associate A{t~)[Mi] ieCtk to (i~,0), 

(b) Else (t(m) < m), there are two extensions {t + ,k + 1) and (t~ , 0) and ^(t) = £{t + ) + £{t~). Set 
C\ k :— A+,fe+i := the initial segment of £t,fe of length ^(i + ), and := A-,o '■— the final segment 
of C t ,k of length £(*"). Then A{t)[M^ ieCt , k = A(t + )[Mi] ieC + ^ + A(t~)[Mi] ieC -^ .N, so associate 
^ + )[^4e£+ fc t0 (i + ; fc+l> and A(i-)[M4 ££ - fc to (r,0). *' 

Let M = (Mi)i<£( a ) G e ^U(uj), be the array in the representation of some A G Implicit in the 

definition of A as A(s)[M], is a mapping 

[V ' l[S)) \[0,£(s))+,[0,l(s))- :=[0,e(s+)),[£(s+),£(s)) if a (n) < n 



and hence 

M 



M~ := (Mi) i< f( s -) = M if s(n) = n 

M+, M- := (Mi} i<<{s) , (Mi) /(8+) < i<<w if s(n) < n. 



Define the corresponding operations U — > XJ^ on short arrays so that is the reduction of 1\1 ± ; again, these 
will depend on s, so we effectively have an operation U — » U^. (In case of the arrays M = (M, : i < £(s)) 
the dependency on s is implicit in the notation. The operation is assumed to be defined if U is of form 
{Uk}kew s for chains Uk G U{lo)). Thus: 

(3.17) Definition ( Decomposition of tagged short arrays ) Where U = {{Uk, , set and 

n = \s\ — 1, 

U a " ={<£/■*, *>} fcet0 .- 

{{U n , n - 1)} U {<tf fc , fc)} fcew . + N{n _ 1} if *(n) = 

U ^ = <U<^>W+ ifO< S (n)<n 
undefined if s(ri) = n. 



(The change from {U n ,n) G U to {U n ,n — 1) G U+ in case s(n) = is due to the fact that ip s (Q) = 
ip s+ (0) + 1 = n just if s(ri) = for n = \s\ — 1, by the second weight induction corollary). This allows us 
to define the chain constructor in terms of the short arrays and obtain the 'transfinite' analogue of Pastjin's 
uniform chain constructor: 

(3.18) Corollary ( Plus finite rank Pastjin unifom chain constructor — short version ) Where 
U = {{Uk, /c)}fcetu s ^ U(uj) x w s is a tagged short array 

AfsHUl - / A (0{U7}.Z if 8(n) = n for n = |s| - 1 

[ n 1 \ A(s+){U+} + A(s-){U s -}.7V if s(n) < n for n = \s\ -1 



Example (Comparing the short arrays Uo, ■ ■ ■ , U^s with the full array, M , ■ ■ ■ , Mg_i.) 
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If s = (0, 0, 0), then n e {0, 1} and ^ s = {0} if n = 1 and v s = {2} if r = 0, so 



A(0,0,0){f/o,^i,C/ 2 }) 
= A(0,0,0)[M ,Mi,M 2 ,M 3 ] 



= A(0, 0) [M , Mi] + A(0, 0) [M 2) M 3 ] .N 



' A(0,0)[C/ ,*7i] 


+ A(0,0)[U 2 ,U 1 


.N 


if 


TO 


= and 


Tl 


= {v s+ 


= {1} and v s 


= {2}) 


( A(0,0)[tf 2 ,tfi] 


+ A(0,0)[U ,U 1 


.N 


if 


TO 


= and 


Tl 


= 1 (z/ 5 " 


= {1} and v s 


= W) 


A(0,0)[C/!,[/o] 


+ A(0,0)[U 2 ,U 


.N 


if 


TO 


= 1 and 


Tl 


= (V + 


= {0} and v s 


= {2}) 


I A(0,0)[U 2 ,U ] 


+ A{0,0)[U 1 ,U 


.N 


if 


TO 


= 1 and 


Tl 


= 1 (V~ 


= {0} and v s 


= W) 



( A(0, 0){t/ , t/J + A(0, 0; {£/ 2 , C/i}.N 
A(0, 0){U 2 , t/i} + A(0, 0){[/ , C/i}.N 
' A(0,0){[/ 1 ,[/ } + A(0,0){[/ 2 ,[/o}.N 
I A(0, 0){U 2 , U } + A(0, 0){*7i, t/ }.N 
|-C/ + C/i-N+(C/ 2 + C/i.N).N 
C/ 2 + C/i.N+(C/ + C/i-N).N 
' ?7i + [/ .N+(?7 2 + C/o-N).N 
l[/ 2 + [/o-N+(t/i + t/ .N).N 

by following the 'line up' of the Ui along the association tree for (0, 0, 0) (i.e., depending on where we select 
the 'base-point'. E.g., if To = 1 and n — we start with the second leaf A s (l) = (0) of T s picking up Uo, 
proceed to its parent node (0, 0) on the left branch of s picking up U\ and arriving at the top-node s, picking 
up U 2 .) 



24 



[4] Products of uniform chains 



The preceding section takes uniform chain constructions forward by only an 'infinitesimal' step, to ranks finite 
over a limit. The crucial step will be to complete the limit steps. The following discussion considers simple 
types of uniform chains of 'limit' rank, but really serves to illustrate the fact that such simple 'algebraic' 
type constructions (involving sums/products) won't get us anywhere near exploring the 'limit' explosion in 
the variety of uniform chains. 

[4.1] Atomic chain products 

If I is a chain (linear order) and for each i e /, Ai is a chain, then the expression A = J^iei ^ defines a 
chain in the usual fashion. Sums easily allow to express finite products. The (anti-lexicographically ordered 
cartesian) product of two chains, A = B1B2 is expressed by A = X^ 2 eB 2 ^i and this definition iterates 
through all finite products. Some infinite products can be equally easily expressed by infinite sums (of finite 
products) such as e.g., 

N N = []N = ^N l . 

iGN ieN 

More revealing is another example, 

zN =n z = e z 4 +e zi > 

ieN -ieN* ieN 

which suggests how to express infinite products of chains. Let H — 1 and Hi 6 {N, Z} for i > 1. What 
should JlieN be? Define Po — 0, and for i > 0, 

p i = I\k<i H k 

P_i = Pi if Hi = Z, 

P_i = otherwise (if H t = N). 
Take A = HieN H% to be the chain expressed by A — £-ieN* P-iN* + X)ieN Pi^ or > compactly A = 
Siez PN sgn W, on the understanding that N + = N N~ = N*. This definition quickly reproduces the two 
special cases mentioned; in N N all P_j vanish and Pj+i = N 4 ; in Z N for all i, P_,_i = Pj+i = Z\ It also 
applies in the case of finite products: 

(4.1) Lemma P„ = £ ie( _„ >n) P;N s s n « for n > 1. 

Proof Observe that P = 0, Pi = H = 1, P 2 = i?o#i = H 1 e {N, Z}, and 

^ p. N sgn(i) = p_ iN * + q + p iNj 
i€(-2,2) 

which is N if iJi = N and Z if i?i = Z, hence P2. Assuming the statement of the lemma true for some n > 1, 
we get 

Pn+l = J] Hi =dfn ([] ^)^« = Pn^n £ {P«N, P„Z}, 

i<n i<n 
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while 

53 PN sgnW 

n,n] 

= P_„N* + J2 PN sgn(l) + P„N 

i£ ( — n.n) 

= ind P_„N* + P„ + P„N 
= P_„N* + P„N, 

which is P„N if P„ = N and P„Z if H n = Z, hence equal to P n +i- • 
Thus, for each n > 1, 

53 PN sgn « = 53 P -* N * + 53 P * N 

= 53 p_ 4 n* + p„+53pn, 

— i<— n i>n 

and in this representation the middle summand is called the 'central' P„. 
(4.2) Lemma A = Y\ ieN Hi is (right) uniform, and 

f a = 53 PN. 

iGN 

Proof By the observation on tails of finite products, 

fp„ = f n ^ = 53(n = 53(n ^on = 53 pn. 

i<n i<n k<i i<n k<i i<n 

Let 16A By (2.3) chose n > 1 such that x is in the 'central' P„. Thus, 

f x A = fp„+53pN = 53pN 

i>n iGN 

as claimed. Alternatively, let P„N sgn ("),n G Z be the summand containing x and set x = (x',x") in the 
cartesian representation of P n N sgn (") . If n > 0, 

f x A = f x p„N + 53 pn = f x ,p„ + pj x „n + 53 pn = fp„ + p„n + 53 pn = 53 PN. 

i>n i>n i>n iGN 

If n = —m < (and consequently P_ TO = P m ), 

f^ = f K p_ ro N* + 53 pN sgn « + 53 pn 

iG( — m,m) i>m 

= f x ,p m + p_ m f x »N* + p m + 53 PN 

i>m 

= iP m + Pm x fin + 53 PN 

= 53pn, 

iGN 

where P m x fin indicates 'finitely many copies' of P m . • 
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[4.2] Infinite products of uniform chains 

Given chains A i: i e N, define A = Yl ie -^(Ai, x^ by fixing a 'zero' Xi e Ai and setting A = X^feeN* -Pfcjx^fe + 
SfeeN Pk^x i Ak 1 where Y\ i<k Ai. In general this 'product' depends on the choice of 'zeros'. In case of finite 
products it doesn't, e.g. (using right distributivity of ordered cartesian products), 

Pi = A X A 2 = A 1 (i X2 A 2 + i X2 A 2 ) = A 1 j X2 A 2 + A^ X2 A 2 , 

and using the 'telescope efect' f A = 1 + f A, 

P 3 = AiA 2 A 3 

= Ax A 2 (j X3 A 3 + l + f X3 A 3 ) 
= A 1 A 2 ) X3 A 3 + A X A 2 + A x A 2 i X3 A 3 ) 
= A x A 2 i X3 A 3 + A 1 {] X2 A 2 + i X2 A 2 ) + AxA^As) 
= A 1 A 2 j X3 A 3 + A X \ X2 A 2 + A x i X2 A 2 + AtA 2 i X3 A 3 ), 
etc, for any, hence independently of the, choice of Xi e Ai. Thus, assuming for some arbitrary n, P n = 
IL<„ M = E-„<- fe <o PkJx.Ak + Eo< k <n Pk^Ak, it follows that 
P n+1 = \{A l 

i<n 

-PA 

= Pn{]x n A n + 1 + f Xn A n ) 

— Pnjx n A n -\- P n -\- Pn^x n A n ^) 

— ind Pn]x n A n + ^ ' Pk]xtAk + ^ ' Pk^xiAk + PrSx^An) 
-n<-fc<0 0<fc<n 

= J! PkjxiAk + ^2 Pkix.Ak, 
-n<-fc<0 0<fc<n 

for any choice of x n 6 A n . In the case of uniform chains Ai there is a 'canonical' choice of zeros: 
(4.3) Lemma For every A e U{< u) there are x G A and Bi e U(i) U {0} such that 

] X A= y, B * N *- 

i<rk(A) 

Proof In case rk(A) = 1 (A G {N, Z}) the 'ordinary' zeros are candidates for x (in case of A = Z, any 
element will do). Then ] X A G {0, N* = IN*} satisfies the conclusion with B G {0, 1}. Assume the statement 
holds for all A G W(< n). Given A G W(n) fix s G <S(n) such that A = A(s). 

If s(n) = n, A(s) = A(s~)Z. Set A' = A(s~). By hypothesis there are x' G A' and £?■ G W(i) U {0} for 
i < n such that ] X ,A' = J2 i<n B i N *- Let x " e z ( e -S-> a: " = °) and sct x = ( x ', x ") G ^' z - Th en 

ja;A = j( x / >x //A'Z 

= A'j^Z+j^A' 
= A'N* + Y ^' N * 

i<n 



27 



upon setting Bi = B[ for i < n and B n = A'. 

If s(n) < n, A(s) = A(s+) + A(s")N. Set A' = A(s+) but now let x' G A' and B[ G U(i) U {0} for i < n 
such that j x ,A' = J2 t<n S-N*. Then 

■ ix A = j x A' = ]T B « N * = S B * N *' 

upon setting B t = B[ for i < n and B n = 0. • 

This also shows that in the representation of ] X A we have 

JO if s(i) < i 

i_ \A(s[i) if «(i)=i 

for the s G 5(rk(A)) such that A = A(s), so that the representing Bi are independent of the choice of x 
(subject to the condition that they allow such a representation). 

[4.3] Infinite uniform chain products 

The infinite uniform chain product A = Yl ieN Hi is defined to be 

(with Pi — rifc<i H k as before) for a canonical choice of Xi G Hi. Namely, then, 

A= J2 P l K l + s £ J P l iH l 

-iSN* i£N 

where the chains Ki = ] Xi Hi = J2k<rk(Hi) B^N* are independent of the choice of the Xi, viz, 

w J if Si (k) < k 

° k \A{ Si \k) \{ Si {k) = k 

for the Si G S(rk(()Hi) such that if, = A(si). 

(4.4) Corollary 

iSN riGZ 

where for s, G <S(rk(ifj))) such that i?, = A(sj), 

p-i = Pi = n = E A ( s * r*)N, ^ = E A ( s ' wn. 

fc<i k<i,Si(k)=k k<i 

(4.5) Lemma ( cj-product lemma ) Infinite uniform chain products of 'length' N are uniform. In 

fact, 

f n^=E(n^) f ^- 

i i k<i 
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Proof Choose a representation 

A = Y[H i= PiKi + ^PiiHi 

i -ieN* ieN 

where Pi,Ki are as before. For x E A, x = (x',x") = (±n,x") for x' E Z and x" E P n K n if x' = — n or 
x" G P„fPf„ if x' = n. 

U z = n > 0, since all terms involved in the right summand are themselves uniform chains, 

i x A = i{p n m n ) + Y J P i m i 

i>n 

= fP„ + P n f 2 H n + p ^ 
= Y,PJHi+P n iH n Y,PJHi 

i<n i>n 

= Y,PilHi. 

ieN 

Suppose z = —n < 0. Then (with canonical zeros x, € Hi) 

f x A = i x „ P n K n + J2 P ^ + P * iH * 

-n<-k<0 ieN 



— fx"P n K n + ^ Pi]x t H l + ^2 P^Hi + ^2 PrfHi 

— n< — i<0 0<i<n i>n 

= { x „P n K n + P n + J2P i iH i 

i>n 

= fx"P n K n + P n fH n + ^2 P^Hi 

i>n 

Fix p E P n ,k E K n = ] Xn H n such that x" — (p 7 k), so that 

^x" PnKn ^pPn ~t~ Pn^k-K-n ^ ^ PifPi ~t~ Pn^kix n Ptn? 



SO 



M = ^ PfP, + P n ffcj InJ ff n + P„fP„ + £ 

= ^ Pifffi + P n {f k ] Xn H n + i Xn H n ) + PiiHi 

i<n i>n 

= Y,PJHi + Y, p i iH i 
= Y,PJHu 



i>n 



ieN 

using right distributivity and the observation that for any uniform chain X and any a < b G X, 

f a i b X + %X = f a X = %X. . 
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[5] Chains of first limit rank 



We now resume the thread left off in section 2 and proceed to characterise (uniform) chains of rank ui. 



[5.1] Chains of rank uo 

Approximating A G U(io) requires consideration of entire 'inclusion' chains of sub-components, essentially 
over the 'length' of the approximation given by the rank of A. I.e., we need to incorporate into any 'limit rank 
uniform chain constructor' the information that each such A is the union of the 'chain of chains' {[j:]^} n£u 
(for any fixed x G A), and hence of an 'embedding' chain of chains {A(s„)} n6w where {s n } n e^ 1S a suitable 
sequence of S strings and where the embedding A(s n ) A(s„ + i) is the 'canonical' embedding. To state 
the obvious fact: 

(5.1) Lemma ( Copy lemma ) For A G U(w), x G A and n G u), 

{[x] A + -B n -N if [x]^ +1 /n = N and [x] A has no predecessors in 
B„ + [x] A .N if [x] A +l /n = N and [x] A does have predecessors in 
[x] A .Z ii[x]£ +1 /n = Z 

where B n G U{n) such that iB n = i[x\ A and where by 'predecessor' in we mean 'n-component 

predecessor'. 

We shall now turn this observation into a characterisation of A G U{ui). 

(5.2) Definition 

(a) Call a sequence {s n } n of strings s n G S(n+1) realised by (A, x), where x G A G £Y(w), if [x] A — A(s n ) 
for all n. Call {s„}„ as above realised by A G U(lu) if it is realised by some (A.x), x G A, and realised in 
U(u>) if it's realised by some A G U{uo). 

(b) Define the embedding sequence n G w (w + 1) of (A, a;) by 

n ( n ) = n A,*( n ) = { aew if Mn+i/n - N and N« ha s i predecessors in [x] A +1 , 
{ ' y ' \uj else (i.e., if [x} A +1 /n = Z). 



(c) Define the type sequence r G "{0, 1, uo} of a sequence tt G w (w + 1) by 

U(n) ifT(»)e{0 lW } 
v ; [1 if 7r(n) G (0,w). 

Define the type sequence r A ' x (n) of (A, a;) as the type sequence of ir A ' x (n). 
In the following, write n n ,r n for 7r(n),r(n). 

Thus every A G U{uo) is determined by a pair ({s„}„, 7r) where {s„} n is a sequence realised by (A, x) for 
some s in A, and where 7r is the embedding sequence for that pair (A, x). Moreover, any two pairs ({s„}„, ir), 
({s^}„,7r'} determining A in that fashion agree on a final segment: If the corresponding elements of A are 
x and x', then s n = s' n and 7r„ = 7r^ for all n > m such that xp m x'. 
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(5.3) Lemma ( String copy lemma ) Let {s n } n , s n G S(n + 1) be realised by (A,x), i.e., such that 
[x]£ = A(s n ),n G w. Then, 

+1 if tt„ = iff T n = 0, 
+1 if tt„ > iff t„ > 0, 



I V 



and in either case s„ = s~ +1 . 



Proof s n = s+ +1 just if the first of the above cases for holds, else s n = s n+1 ; the remainder is 

the string lemma. • 

(5.4) Definition and Lemma ( Aligned string sequences ) Call a sequence of strings {s n } n aligned 
with 7r (resp., r), if condition (5.1) holds, and simply aligned, if s n G {s^ +1 } for all n. For such an aligned 
sequence define a n = a^ x , b n — b^' x , n G u) such that for all n > 0, 

s n = C A {a n ,b n ). 

(We let ao undefined and set bn — 0, so s — (bo)-) Then, 

b _ ( K+i if «n = s+ +1 iff 7r„ = iff T n = 0, . 2 _ 

\ a n+1 if s n = s~ +1 iff 7r„ > iff r„ > 0. 

Also, if we set A n = A(s n ), then {^4„}„ the sequence {^4„}„ satisfies 

A n Z if 7r„ = u, 

A n+1 = { A n + B n N, for B n G U{n) with fS„ = fA„, if 7r„ = 0, (5.3) 
B n + A„N for B n G U{n) with fB„ = L4„, if 7r„ G (0, lu). 

It follows, for instance, that if n n — for all n > m for some to, then 

(a) (Vn)[s~ C s~ +1 ], and, for the least such m, 
(b.l) (Vn < to)[t„ = — > (3fc,n < k < m)[rfe > and hence G Sfc+i]], i.e., 

(Vn < to)[t„ = — > (3fc,n < fc < m)[rfe > and hence s n (n) =b n = a^ = Sk+i(k)]], and 
(b.2) (Vn > m)[s n (n) = b n = b m ], 

while if 7r„ > for infinitely many n, then 

(a) (Vn)[«~ C s" +1 ], and 
(c.l) (3°°n)[T n > and hence s n G s n +i], i.e., 

(Vn)[r„ = — > (3fc > n)[r fe > and hence s„(n) = 6„ = a k = s k+ i(k)]]. 

Thus, in the first case the entire sequence {s„}„ can be recovered from 

(b.l) s m , in particular s~ and b m — s m {m) (for the least such m as stipulated), and 
(b.2) the chain of strings s m+1 C s m+2 C . . ., 

while in the second case we can recover the sequence {s n } n from 

(c.l) the set of to where r m > and 
(c.2) the chain of strings s C C .... 
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In either case, the sequence {s„}„ can be recovered from the chain {s~} n and r (or ir), plus possibly a 
single element b (the b m of the first case). This allows to economise the descriptors of A G U(uo) (compared 
with the full set ({s n } n , ir)). In fact, we can replace {s„}„ by a single string a G S(uj + 1). 

(5.5) Definition (a) ( Trunk-string ) Define the trunk of {s n } n , a = o A ' x G S(oj + 1), by setting 
n\uj = \Js~ +1 

n 

*(<*>) = {' 



b m where m is minimal such that ir n = for all n > m, if such exists 
. u else. 



(b) ( Type-partition ) Let S(t) = S((A,x}) = 1 + \{v G uj : t v+1 ^ t v }\. Note that <5(t) G w U {w}. 
Define the partition uj = U n <(5(r) induced by t G w {0, l,w}, by 

(i) u = 0, 

(ii) f„+i = min{w > t> n : t v ^ T Vn }, for n < S(t) and 

(iii) t>„+i = w if <5(t) = n + 1, i.e., if n is such that for all v > v n , t v — r Vn . 

This is the coarsest partition of w such that r is constant on each block [v n ,v n +i) (i.e., such that also 
adjacent intervals are of different types). Call [v n ,v n +i) of type r Vn . The partition induced by n, resp., by 
{A, x), is defined as the partition induced by the type sequence r of n, resp., by the type sequence t^' 2 ^ of 
(A, x). 

Let now Sk G S{k + 1) be such that [x]£ = A(sk), for x G A G W(w) and all fc G oj. 

(5.6) Lemma 

(i) For an interval [v n ,v n +i) of type 0, b Vn = b Vn+ i = . . . = b Vn+1 -\ = a Vn+1 = a(v n+ i); hence: 

(ii) For k in <xti interval \v n ^ v n -\-i ) of type 0, Sk — a A - x \k A (&„„). Moreover: 

(iii) If v n +i < u for an interval [v n ,v n+ i) of type 0, then also b Vn — s„ n+1 +i(u n +i)). 

(iv) For k in an interval \v n ,v n+ \) of type 1 or w, Sk = cr A ' x \k + 1. 

Proof By induction over i G [v n ,v n +i) using the string copy lemma. • 

(5.7) Corollary 

(i) For k in [v n ,v n +i) of type 0, s k+ i = a A ^ x \k A (a(v n+ i)); and: 

(ii) If [v n ,v n+ i) is of type and finite, then in fact Sk+i = cr A ' x \kA (s Vn+1 +i(v n +i)). 

(iii) For k in [v n ,v n +i) of type 1 or u>, Sk+i C a A ' x . Moreover: 
(iii) On [v n ,v n+1 ) of type w, s k+1 = s k A (fc) C cr A ^ • 

(5.8) Definition and Lemma 

(a) Call a G S(u> + 1) and ir G w (w + 1), compatible if er(fc) = fc iff 7Tfe = and for every n, if n n = 
then for the least m > n such that 7r m > 0, o~{m) < n. I.e., if 

a(k) = k iff 7Tfe = u) 

(5.4) 

a(wfe + i) < v k whenever w Vk — (and hence ir Vk+1 > 0) 
Similarly, call a G <S(w -I- 1) and r G "{0, l,w} compatible if the preceding condition holds with V in place 
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(b) Call the sequence {s„}„, s n G n+1 ui, derived from (a, n) if 

g = (<r\n + l if7r„>0 (55) 

" \ a\n A (a(w n )) for w n = inf{u > n : n v > 0}, if 7r„ = 0. 

Similarly, call the sequence {s n } n , s n G derived from (cr, t), if the preceding condition holds with V 

replacing V throughout. 
Then 

(i) (a, tt) are compatible iff (cr, r) are; 

(ii) {s n }„, s n G is derived from (cr, t) iff it is derived from (cr, r); 

(iii) s„ G 5(n + 1) whenever (cr, 7r) (resp., (cr, r)) are compatible and {s„}„ is derived from (cr, r). 

(iv) s„ G whenever (cr, 7r) (resp., (cr, r}) are compatible and {s„}„ is derived from (cr, t), in fact {s n } n 
is aligned with tt (resp., r). 

Proof 

(i) and (ii) are clear, since n k — co iff r k = w. and 7rfe = iff r k = 0. 

(iii) We need to show that s n (i) < i for all i < n + 1, n G u>. This is clear if 7r„ > since then 
s n {i) — o~(i) ^ i for all z < n + 1. If 7r„ = then s n (i) = a(i) < i for all i < n, so it remains to show that 
Sn(n) < ?^ in that case also. We have n G [vk,Vk+i) of type 0, for some k < <5(t), and w m = Vk+i for all 
m G [wfc,ffe+i)- By compatibility, o~(w n ) = cr(w fe+1 ) < t^, so in particular cr(w„) < n, as required. 

(iv) From the definition, s n \n = o\n, so C s^ +1 for all n, and it remains to show that b n G 
{a n+ i, b n+ i} for all n, where again, from the preceding, a n +i = cr(n) for all n. 

(a) Case 7r„ = and 7r„ + i = 0. Then w n = w n+ i > n + 1 and so b n = b n+ i = cr(w n ), where here, and 
subsequently, w n is as in the definition. 

(b) Case 7r„ = and ir n+ i > 0. Then w n = n + 1, and s n+ i = a\n + 2, i.e., b n+ i = a(n + 1) and so 
b n = o-{w n ) = a(n + 1) = b n+1 . 

(c) Case 7r„ > 0. Then immediately, b n = a(n) = a n +\- • 

Corollary The sequence {s„}„ derived from a compatible pair satisfies property (5.1) of realised 
sequences (string copy lemma). Hence A n = A(s n ) satisfy (5.3). 

(5.9) Definition and Lemma Call cr, tt, a, b, compatible, where a G S(u) + 1), n E 1) and 

a, b G S(uj), if cr, tt compatible (i.e, a(k) = k whenever = u), a\k+ 1 = cr\k A (afe) and bk+i = bk whenever 
TT k = 0, a k+ i = b k whenever ir k £w\0. Call the sequence {s„}„, s n G <S(n + 1), derived from (a, tt, a, b) if 
,s„ = a\n — \ A {a n ,b n ). If {s„}„, s„ G S(n + 1), derives from (a,TT,a,b), then it derives from (cr, tt), hence 
satifics (5.f). 

Proof If 7r„ 7^ 0, then either tt u = uo and s n = a\n + 1 by definition, or 7r„ G (0,uj) and s n = 
a\n — \ A (a n ,b n ) = o\n — \ A (a„,a„ + i) = cr[n A (a n+ i) = cr[n + 1, by induction. If ir n = then 
s„ = cr[n — f A (a n ,b n ) = a\n A (b n ) = a\n A (w n ) since 6^ = fe^+i for all k G [n, w„) by compatibility. • 

(5.10) Corollary (Summary) The following summarises the properties of the strings a = a A - x , tt — 
TT A ' x ,a = a A ' x ,b = b A ' x . 

(a) a is undefined, b = and [x] A = A(cr[0 A (b )) = A((0)) = 1; 
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(11.1) [x]„ = A{a\n A (&„)); 

(11.2) [x\i +l ^A(a\nA(b ni n+l)); 




* [x}£ + B„N for B n G U{n) such that fB„ = f[x]^ = 
cr(n) and 6„+i ~b n <n, so 



A(arnA(0}); 



(ii.2) 



(ii.l) 



= = M4+i) = A(s= +1 A (6„ +1 )) = A^n A (&„», 

S„ £* A( S ; +1 ) £* A(s=+i A (an+i)) = A{a\n A (<j(n))) 
Nn+i - Msn+i) = A(s=+i A (On+i.&n+i)) = A(er|~n A (<x(n), 6 n )); 



(hi) 7r(n) = is the number of (n-component) predecessors of [x]^ in [x]^ +1 , and [x]^ is an initial n 
component of [x]^ +1 . 



We are now ready to state the characterisation of A € U(uj). 

Let Q(uj + 1) denote the set of pairs (a, n) of compatible a E S(u) + 1), ir E w (u> + 1), and let Q°{u + 1) 
denote the set of pairs (a, r) of compatible cr G 5(w + 1), r G "{0, l,w}, respectively. 

(5.11) Lemma ( Realisation lemma ) For (a, n) E Q)u> + 1) and let {s„}„, s n G <S(n + 1), be the 
sequence derived from (a,ir). Then {s„}„ is realised in U(lo). 

Proof We need to construct A € t/(w) and x E A, such that {s„}„ is realised by (A,x). 

It will suffice to define A as the union over the chain of chains A = Unew(^™' ^™) where : A„ <^-> 
A„_|_i is the inclusion of A„ in A n+ i as the n-component with 7r n n-component predecessors. I.e., where 
A„+i = J2ieA n+1 /n Ci shall be such that 

(i) if 7r„ E u) then A n+1 /n = N, and A n — C 7Tn ; 

(ii) if 7r„ = w then A n+ i/n = Z, and A n = Cq. 

The element x E A for which, A„ = [x]^ for all n is given as the x for which {x} = A (really, by the 'thread' 



(d) If 7r(n) £w\{0}, then 

(i) [x]^ +1 S B„ + [x]^N for B„ G W(n) such that W n S f[x]^ S A(a[n A (0)); 

(ii) a„ + i = cr(n), but also a n+ \ = b n , and 6 n+1 < n, so 

(11.1) B„ - A(s+ +1 ) - A(C+i A (6 n+1 » - A(a\n A (& n+1 », 

[x\i S A(a„) ~ A(a" +1 ) = A(a[n A (a„+i» S A^n A (& n » 

(11.2) [x]^ +1 = A(a\n A (a(n),b n+1 )); = A(a\n A (b n ,b n+1 ))- 




(<t> n (0)) n , since A = 1 = {0}). 
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Set A n = A(s n ). Clearly then, 

(a) A n G U(n); 

(b) A n is an n component of A n+ i, for each n (since {s n } n are aligned with it and {A n } satisfy (5.3)), so 
A n +i/n is as required; and 

(c) since s n = s^ +1 whenever 7r„ = we can embed A n as an initial n component into A n +i, while s n = s^+i 
if 7r„ > allows to embed A n as a successor n component into A n+ \. 

Thus, let <f> n be the canonical embedding A n A n +i that maps A n isomorphically to the 7r„th n 
component of A n+ i if 7r„ < u, and that so maps A n to the Oth n component if 7r„ = lo. 
Thus, {s„}„ is realised by (A,x). • 

Let 

A(<7,tt) (5.6) 
denote the clement of U(lo) represented by (c, 7r) via the realisation lemma. 

For such A = A(er, ir) and the sequence {s n } derived from (a, ir): 

(a) For some x E A, 7r< A ' x > = ir and for all n, [x\n +1 /n = N if ir n < w, [a;]^ +1 /n = Z if 7r„ = lo, and 
Wn = A(a„). 

(b) If ir n < ui then the initial n component of [x]^ +1 is (mod =) given by A(s^ +1 ). The successor n- 
components in [x]^ +1 are given by A n = A(s~ +1 ) = A(<r\n + 1), so by the tail lemma, 

tA = A n~N S A{a\n + 1)N. 

In fact, with a, 6 defined for (a, ir) G + as in the aligned string sequence lemma, all of the summary 
applies to A = A(a, ir). 

(5.12) Corollary ( Rank lo representation lemma ) Every A G U{u>) has a representation of from 
(5.6). In particular, A G U(io) is isomorphic to A(a, ir) whenever a = a^'^ and ir = ir^ A ' x ^ for some x G A. • 

Another corollary is that the representation of A G U{lo) by compatible pairs (a, ir) is unique up to finite 
initial segments of a, ir. 

(5.13) Corollary 

(i) If A(cr,7r) = A(cr',7r'), then o~ = o'~ and ir =* ir' (i.e., ir\(n,Lo) — Tr'\(n,u)) for some n). 

(ii) If fA(er,7r) = fA(cr',7r'), then <r~ = er'~ (i.e., ofw = u'\lo). • 

[5.2] Tails of rank lo 

We shall verify that by computing tails of A G W(w) in the representation just given, one obtains the 
representations produced in section 2. Observe that if a G 5(u; + 1) is compatible with 7r = W (where 
W = (0, 0, . . .) is a sequence of 0s of length lo), then it must be the case that <j(lo) = (since for all n G lo, 
w n = lo, i.e, for the partition induced by ir — W , 

S(ir) = 0, «o = 0, Ui = w, and [vq, v\) is of type 0, 
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so <t(oj) = <j(vi) < vo = 0). Hence, for the sequence of strings {s„}„ derived from (<r,0 w ) G £/(u; + 1) we 
have s n = a\n + 1 A (0). 

Now observe that for the point x G A = A(cr,(F) such that 7r< A °' Xo > = W , we have [A ]£° = A(s n ) = 
A(a\n A (0)). On the other hand, for the left-most element X\ in the chain Ai — 5Z neN A{a\n + 1)N we 
have [Ai]* 1 = J2 t< „ ^(0"R) N > = A(a\n A (0)). By the block-lemma it follows that A = A 1 . Thus, 

A(ct,(T) = A(a~ A (0),(T) = A(tr[w A (0),(T) S ^ A^n + 1)N. 

raGN 

(5.14) Corollary ( Rank ui tail lemma ) For all compatible (a, n) G Q(lo + 1), 

f A((7, 7r) S A(£j- A (0),0 w ). 

Proof Recall that for x G A G £/, f x A = X)o<n<rk(A) A»N, where A„ is (a representative of the 
isomorphism class of) the successor n-component of [x]^ in [x]^ +1 . 
But, for A = A(a, w) in particular, 

[x]i +l - A(a„+i) G {A(a- +1 )Z, A( S + +1 ) + A( Sr ; +1 )N} mod £* 

so A„ = A(s~ +1 ) = A(a\n + 1). 

Set now A = A(<r~ A (0},(F). Note that the sequence derived from (a, (F) is {<r|~n A (0)}„. Thus for 
the element x = such that Hq (A) = 1 = {x}, it is the case that for all n, [x]^ = A(a\n A (0)). Equally, 
for B = Xlnew A(a\n + 1)N, the element y = such that Hq (B) = 1 = {y}, it is the case that for all n, 
MS = E l<n M°\i + 1)N = A(a\n A (0)). So A = B. 

Thus, for the element x G A giving rise to the embedding sequence 7r, 

f^A^ ^ A„N = ^A(arn + l)N = A(o-- A(0),0 W ). • 

0<n<rk(A) n£w 

Corollary ( Rank lo tail representation lemma, mark two ) The following expressions range precisely 
over the set of all uniform tails of rank lo. 

(a) For a G S(lo + 1) set 

A(cr) := A(cr,(r). 

(b) For a G <S(w) set 

A(a) :=A(aA(0)), 
the latter being defined via (a) - i.e., A(a) = A(a A (0)) := A(a A (0),(F). 
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[6] Chains of next limit rank 



The plus finite rank chain constructor of section 3 combined with the rank u representation of section 5 
allows us to obtain approximations to (and a characterisation of) uniform chains of rank u> + u, but the 
limitations of this procedure in having to step through all successor ordinals will also become apparent. 

[6.1] Chains of rank w + ui 

Given A G U(uj+uj), applying the rank ui representation twice, to A/uj and to the rank w building blocks of the 
rank ui+n sub-components [x]^ +n (for some fixed x G A), one obtains a crude representation involving 'arrays' 
of compatible pairs: By the w+finite uniformity lemma the chain constructed as A(s)[M , ■ ■ ■ , is 
uniform (of rank ui + \s\) if for <7j G S(u> + 1) and 7Tj G u (co + 1) such that Mj = A{a i ,ir i ), the w-uniformity 
conditions (3.6) hold: 

Mi G U{u) for all i < £(s) 

iMi = fMj for all i,j < £(s) 

M t = Mj whenever ip s (i) = ip s (j). 

Combining this with the rank uj representation lemma it follows that A(s)[Mq, . . . ,Mg^_i] is uniform if 
the following derived w-uniformity conditions are satisfied: 

(<Ti,TTi) G G{u + 1) for all i < l(s) 

or =aj fov alli,j <£{s) (6.1) 
Ui = (Tj and -Ki =* nj whenever ip s (i) = ip s {j)- 

Letting A G U(u + lj), by the rank uo representation lemma there are compatible a G S(uj + 1) and, 
7r G w (w + 1) such that A/uo = A(a, w). Again, by the rank to representation lemma, for some x G A and 
each n, 

where 

M^=A(al n \4 n \ (6.2) 

such that 

(i) {s„}ne^ derives from (a,n), 

(ii) the M^ G U{uj) satisfy the w-uniformity conditions, and hence 

(iii) the (a^ , 7r-™' } satisfy the derived conditions. 
Consequently, there are G S(uj) such that 

a\ n) - =oW foralH<£„, and 

^(n) _* ^(n) wnenever ^ n (i) = ip n (j) 

(where ip n := ^ s "). 



37 



We shall need compact compact for the leaf intervals of the T(s^ +1 ) subtrees of T(s n+ i) and the 
corresponding intervals of building blocks. 

Notation Set C(s) = £{s) = [0,£(s)), and £(s)+ = C(s+), but set C(s)~ = [£(s) - £( S -),£(s)). Thus 

r(q] - _ ([t(s+),£(s)) Xs+eS 
{) \[0,e(s)) = C(a)=C(a-) else, 

If we also convene that £{s) = whenever s £ S, then always C(s)~ = [£{s + ) 1 £(s)). 

Set C n — jC(s n ), and = C(s n ) ± i when dealing with {s„} n deriving from (ct,7t) G Q(lo + 1). Note, 
£n = £((r\n + i)-, C+ +1 = C n and C~ +1 = [t„,£ n +i) if r n = 0, £+ +1 = [0,£ n+ i - £„) and C~ +1 = 

Set M„ = MW = M £ „ = (M^ : i G £„> and similarly, M± = M± n = M £ ± = (M^ n) : i G and 
for J C £„, M^ l) = (M| n) : i G J), etc. 

Let nowi G A G U(uj+uj) such that for each n setting M*> n) = A{a < f ) , 7r t (n) ). Then [ar]£+„ = A(s„)[M„], 
and by plus finite chain construction, 



A(s„+i)[M„+i] 



A(a"+i)[M- +1 ].Z ifr„=a> 
+A(a- +1 )[M- +1 ].N else, 



so: 



(6.1) Lemma ( Copy lemma ) Either 

t„ = 0, s„ = and A(s n )[M n ] = A(s+ +1 )[M+ +1 ], 

or 

T n > 0, s n = s- +1 = <r\ n+1 , and A(s n )[M n ] = A(s" +1 )[M- +1 ], 

and in particular, 

fM„ if £S 

M n+ i = < M n A M n+1 if G S and s+ +1 = s„ 

I M rt+l A M « if S n+1 e 5 and S n+1 = S n 

_(M~ +1 ifr„>0 
M "-\M+ +1 ifr n =0 

(i.e., the 's„-array' M„ gets copied as one of the segments or C~ +1 of the 's„+i array' M n+ i.) 

From 

f M\ n) S fM (n) £* fM<<" +1) S fMj" +1) 

for all i < £ n and j < £„ + i it follows that in fact there is a single 'trunk' a' G <S(w) such that for all n G u) 
and i < 

(n)— (n) r I r 

Thus we get: 
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(6.2) Lemma 

[1] For every A G Uiuj + u), 

(i) there exists a' G S(u>) such that for all n G u>, i < £ n , erj™^ - = cr'\n, and = whenever 

(ii) for all n G uj, for all i < £ n , is compatible with a', and for all n,m G u), for all i < £ n ,j < £ m , 

_(") _* _("»). 

» j ' 

(iii) for all n G w, if 7r n = then s„ = er++i and (7r| n) } <i<£ n = ("i n+1) )o<i<r t - J and 

(iv) for all n Elu, if n n > then s n = a~ +1 and (7r| n) } <i<£ n = (7Ti™ +1 '')i ! + +i <i<i ! „ +1 - 

Moreover, the set of (a, it) G (/(w + 1), (a^ n \n^) G + 1) satisfying (i) through (iv) is uniquely deter- 
mined by A. 

[2] Every A G U(cu + uj) is uniquely determined by set of (cr,7r) G Q{u) + 1), (ff'"' , ir^ ) G </(w + 1) 
satisfying (i) through (iv), and can be reconstructed from this set by applying the rank uj representation 
lemma to each M- n ^ and then to A /us. • 

Corollary ( Crude rank uj + uj representation lemma ) Let 

A(a,ir)[M n ] neaj = A(a,n, (a^ , 7rj n) ) n€w , <ejC J (6.3) 

denote the chain described in the u> + uj representation lemma, i.e., where {a, it), {o'^ ri \iT^) G Q{u> + 1) 
(new,ie C n ) satisfy conditions (i)-(iv) of the preceding lemma, and where M- n ^ = A(ct-"\ tt^). Then, 
every A G U{u) + uj) is of cither of the forms (6.3), for some (a, it), (oj n \ it \ ) G Q{ui + 1) (n G w, i G £„), or 
some array (M„)„ & satsfying the uniformity conditions (6.1), respectively. 

This representation lemma simply summarizes what we get on the basis of rank lo representation and 
rank w+fmite approximation alone. Removing the redundancy in the M„ arrays will allow us to stream-line 
this 'representation' considerably. 

[6.2] Tails of rank uj + uj 

To compute the tails of the components [x]^ + „ and of A itself we use the 'usual' strategy (basing ourselves 
on the uniformity over limits lemma, but going back to the tail lemma for the calculations) : 

where S„ is the (isomorphism type) of the sucessor component of [x]„ in component [x]^ +1 . Since 

[x\t+n+i = A(s n+ i)[M„+i] 

= f A( a - +1 )tM- +1 ].Z, Xs+ +1 ?S 
\ A( S + +1 )[M+ +1 ] + A(«- +1 )[M- +1 ].N, else 

it follows that the successor uj + n component of [x]^ + „ in [x]^ +n+1 is 

S^ +n = A( S ; +1 )[M; +1 ] = A(af„ +1 )[M; +1 ]. 
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(And [x]£ = Mq ^ = A(a-(°),7r(°)).) Thus (applying the u> tail lemma for the initial component), 

t x A = f x A((0>)[A(<7< 0) ,7r< 0) )] + ]T A W+ „.N 
= fA(4 0) ,4 0) ) + ^A L , + „.N 
= A(<7'A(0}) + £A(ar n+1 )[M; +1 ].N 



Thus, for x G A = A(cr, 7r)[M„] we get 

= fA4 0) + ^A( s i°j7)[M- +1 ].N 

= E A ( ff ' Ui) N + E A(ar„ +1 )[M- +1 ].N 

where {s° +1 }„ ew derives from ctq \ and where a' is the common initial uj segment of all the cr{™^ (i.e., 
a' = cr-"^ \ui, for all n, i). 

(6.3) Lemma ( Crude rank uj + uj tail lemma ) For every A 6 W(oj + there are a £ S(ui + 1) and 
(cr("),7r(™)) e e?(w + 1), such that 

fA = £ A(aW f n+1 )N + ]T A(ar„ +1 )[M r ; +1 ]N, 

and where \uj = \u> for all n. • 

Given (a, n) £ Q{ui + 1) and the derived sequence {s„}„, define sequence {k n } neLU by fco = and 

k n +l = ~t~ ^n* Set & CT,7r = SUp n k n . 

Given a double array M n+ i deriving from a chain A 6 W(w + w) define the sequence (Vij^k",^ by 
Vq = Mq ^ and supposing {Vi}i<fc n defined, 






if t„ 


= 




if r„ 


= (* ; 


M+ +1 


if t„ 


- 1 (ft. 



I.e., the Vi solve the following set of equations: 

V = M<?\ 

J M„ A V„+i if r n = 0, 
" +1 \V„ +1 A M„ ifr n = l. 

The Vi, i <5 [k ni k n+ i) contain the bulding-blocks that are not already contained in the arrays k < n. 

Tails of rank uj + u) represent a novel challenge: When in the rank ui + (< uj) approximation the lower 
rank component gets embedded with r„ = 1 (i.e., there is an initial rank oj + n component in the rank 
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u) + n + 1 approximation not necessarily isomorphic to the rank u> + n approximation, the building-blocks of 
the former are not all 'visible' in the tail: 

(6.4) Corollary ( Tail revelation lemma ) 

where the (isomorphism type of the) successor uj + n component S^ +n of A = A(er, ir, (M„ : n E uj)) E 
U(uj + uj), satisfies 

<Wn ~ A( S „ +1 )[M„ +1 j - | A(s - +i)[Mn] if Tn + 0. 

Where S^ +n = A(s„)[M„], the 'new' building blocks at level n + 1 are 'hidden' from the tail, but they 
will be 'revealed' at the next higher level m > n where S^ +m — A(s„)[M m ] — because V„ + i is a sub-interval 
of building blocks of M m . As a consequence, there can be at most one level introducing new building blocks 
that may stay 'hidden' from the entire approximation to the tail, namely if for some largest n, r w+n = 1 and 
for all m > n, t w+i „ = 1. Anticipating that at any level there is in fact atmost one new building block, it 
follows that at most one such can stay permanently 'hidden' from the tail. 

It's now time to prepare the grounds for a managable representation. 



[6.3] Array reduction arithmetic 

Set w n — w Sn (where w s — r&n(ip s )). By the cj+finitc uniformity lemma, there is a sequence of sets 
{U- n ^ : i E w n } C U(ui) (n E u>), such that for each n 




Let U„ = {{U k ,k) : k E w n } be the tagged short array for [x]^ + „, i.e., such that = A(s„){U„}. 

By the copy lemma 

TT _/(U n+ i)+ +1 ifr„ = 
U " " \ (U n+1 )" +1 ifr„>0 

We'd like to obtain a short array for A E U(uj + uj) as a sequence U = {Uk ■ k E K} (for some set 
K) that would allow to 'generate' the U„ perhaps resembling the way in which the s„ were generated from 
a E S(u> + 1) (and compatible t). We shall first show that we can in fact obtain a 'canonically ordered' short 
array, and subsequently how to generate short arrays for the sub-components of A in the approximating 
chains [x]£ +n . 

Set £ s = max i<£ ( s ) "4> s {i) (and again, £„ = £ s "). Define the augmented weight sequence by: 
ij s = {^(0) + 1) A {r{i) :0<i< £(s)) = (^ s (0) + 1) A 1>'\[l,t(s)). 
(Also let w s = ri(j s ; note that w s | = \w s \ = ( s -) 
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From the corollaries to the weight induction lemma, 3.9, we have: 

(6.5) Lemma ( Weight sequence lemma, maximum weight lemma ) For s E S, 
(a) 

iP s if s+ <£ S 

4j s = { V s+ A V s if s+ £ S and s ^ s~ A (0) 
V> + A if s+ G S and s = s~ A (0) 



(b) 



(c) 



(d) 



i.e., 



if s+ G S and > £ s+ , or s+ S 
£ s+ if s+ G S and < £ s+ and s ^ s~ A (0) 

. C s+ + 1 if s+ G 5 and < £ s+ and s = s~ A (0). 



£'<|*|-1 i-e., 

£ s < n whenever s G <S(n + 1) 

f»A<0> = ^A<0)( 0) = | s | 

£ sA < fc \V sAW (0) < M if < b < \s\ 

e s =V^(0) = |s|-lifs = s"A(0) 

£ s ,^(0) < \s\ - 1 if s = 8~ A (b) for < 6 < |s| 



Proof (a) and (b) follow from 3.9, (c) and (d) follow by induction. • 

The maximum weight lemma almost seems to suggest that £ n+ i G {£„, £„ + l}. It may come as somewhat 
of a surprise that this does not hold. In fact, as the examples in preceding sections suggest quite the contrary. 
This is because the weight-incrementation of the branching nodes proceeds rather indiscriminately. Consider 
the example T((0, 1,0)), 

«0,1,0};0) 

— ((0,0); 1) _ T«0,1» 

I I 
<(o>;2) T«0» 

where it would have sufficed to 'copy', rather than increment, the weight from node (0,0) to node (0), in 
order to distingish it in the weight-sequence ((1,0,0), rather than (2,0,0)) from the two weight nodes. 

Nevertheless, something of this earlier intuition can be salvaged; we do have that at every stage at most 
one new 'weight-element' is introduced — and consequently at most one new rank w 'building block' in the 
array of rank ui components. More precisely, what we will show is that 

< Cn+l - Cn < 1, 

where £ s = \w s \ and ( n = ( Sn . (Thus at every rank w + n at most one 'new' type of u component appears 
in the array of 'building blocks'.) 
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(6.6) Lemma ( Plus one range lemma ) For se5 and < 6 < \s\, 

W SA{0) Aw sA{b) ^ W SA(0) \ w sA(b) = {^A(0>(0)}. 

Proof By induction on \s\. 

\s\ = 1: Then s A (0) = (0,0) and the only possibility for 6 is 6 = 1 = |s|, so s A (6) = (0,0). Then 
^sa(o) _ (i ; o) and y> sA ( b ) = y> s = (0), and the conclusion holds. Since this only covers the case b = \s\, we 
give the case \s\ — 2 as well. 

|s| = 2: There are two cases for s and for each of these two cases for b: 

s = (0,0): Then s A (0) = (0,0,0), so y> sA <°> = V (0 '°' 0) = (2,0,1,0). For b = 1, y> sA W = tp< ' ^ = 
(0,1,0), so 

W SA(0) A w sA(b) = W SA(0) \ w sA(b) ^ {0,1,2}\{0,1} = {2} = {^ SA <°> (0)}, 

as required. For 6=2, y> sA < 2 > = y>< >°> 2 > = -0{°.°> = (1,0), and the same calculation applies as before. 

s = (0, 1): Then s A (0) = (0, 1, 0), so y> sA <°> = ^(o,i,o) = ( 2; 0, 0). For b = 1, ^ sA<1> - V^ ' 1 ' 1 ) = (0, 0), 

so 

W *A(0) A W SA<6> = W SA(Q) \ w sA(b) = 2 1 \ | Q | = | 2 | = |^A(0> ^ 

as required. For 6 = 2, ip sA ^ = y/ ' 1 - 2 ) — y>(°> — (0), and the calculation is as before. 
For the induction step, distinguish cases as follows: 
Case < b < \s\. Then 

^A(O) = ^ S A<0> + A ^A(0>- = ^"A(0> A 

Since < 6 < \s\, also 

^A(6> = ^>A<6) + A ^A(6>- = ^-A(6> A ^ 

The respective 'second' half segments being identical, and since y> sA ^(0) = ip s A ^(0) + 1, 

w sA(Q) Aw sA(b) = ^ S -A(0> Aw *-A{b) 

= w 3 '^ \ {y> s ~ A <°>(0)} U {y-^ A<0) (0) + 1}) Aw s ~ A( > b l 

Now (e.g., by the weight sequence lemma, (c), y> s A <°>(0) + 1 £ w s A ^ . Observe that for sets A, B and 
elements a E A\B and a B, 

(A\{a}U{a})\B = (A\B)\{a}U{a}, 
and if also B \ A = 0, then also 5 \ (A \ {a} U {a}) = 0, and so 

(A \ {a} U {&}) AB = (A\B)\{ 8 }U {a}. 

Thus, by inductive hypothesis, 

w s~A(0) \ {^-a(o)( )j u |^- A <o>( ) + i}) A W S ~ A W 

= w ^ a w \ w s ' A ^ \ {y> s_A <°>(0)} u {y> s ~ A(0) (o) + 1} 
= ^^wa^'W \ {y> s ~ A <°>(o)} u {y> s ~ A<0) (o) + 1} 

= {y^ A <°>(0) + l)}, 

= {y> sA(0) (o)}, 
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as required. 

Case < b = \s\. Then V> sA(b> = ip s , so 

Aw sMb) ^-s-^o) Aw s 

= w s ~ A ^ \ {^ A ^(0)} U {V- S_A<0> (0) + l})Aio s 

= {y/~ A <°>(o) + i)}, 

again, as required. • 

(6.7) Corollary For s E S and < a, b < \s\, 

(i) w sA ^ Aw sA ^ = 0. 

(ii) \w sA ^ \w sA ^\ = \w sA ^ Aw sA ^\ = \w sA ^\w sA ^\ = \w sA ^ Aw sA ^\ < 1. 

(iii) < £ sA < a < b > - ( sA <«> < 1 and < ( sA ( a M - ( sA < & > < 1 

Proof (i) w sA ^ Aw sA ^ = (w sA <°> \{^ sA(0) (0)}) A(u; sA W \ {V> sA < 0> (0)}) = 0- 

(ii) By the plus one range lemma, w sA <°> \w sA ^ = {?A sA<0> (0)} = U sA<0> }, and by the preceding lemma 

e A<0) > e sA<b> , so £ sA <°> \ w sa ^ = {^ sA <°)(o)} = {e A<0) + 1}. 

(iii) Distinguish cases, and apply the plus one range lemma to the ranges compared. 

Case a = b = 0: ^ A < Q > 6 > - ( sA < a > = | r (y> A <°> A V sA<0> )| - C sA<a> = 1 and ditto ( sA < a < b > - ^ A W = l 
Case a > b = 0: C sA{a ' b) - C sA(a> = |r(V> A(0> A V sA(a> )| - C sA(a> = 1 and ^ A <»^> - ^ A <») = | r (y> A <°> A 
^ sA ( a >)| - ( sA (°> = 1 

Case a = < b: ( sA (^ b ) - ^ A < a > = | r (^ sA W A ^ sA<0> )| - C sA<0> = and ^ A < a ^> - <^ A <»> = |r(V> sA < b > A 

^« A (°>)| _ £sA(6) _ 

Case < a,b: ( sA < a > b > - ( sA < a > = | r (^ sA(b) A ?/> sA < a >)| - C sA<a> = and ( sA (^ b ) - ^ A M = | r (V> sA < b > A 
^, sA ( a >)| - £ sA ( b > — o. • 

By the preceding lemma, 
Corollary For each n, 

(i) Cn+l - Cn < 1- 

(ii) w n+ i is an end-extension of w n , since either w„+i = w ni or both 3 w n and min(w n+ i \ u>„) = 

(6.8) Lemma ( Plus minus lemma ) For all seS(<w), where s+ E 5, 

\w s+ Aw s ~\ < 1 



Proof By induction on 2?(s). Thus, suppose that for all t E V(s) with t + E S, \w t+ Aw* | < 1. By 
weight sequence lemma, (a), 

if s++ £- S 

t s+ = { V> s++ A i> s+ if s++ E S and s+ s~ A (0) 

if s++ E S and s = s~ A (0), 
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and 

f V s ~" if s-+ <£ S 

^ s = I V s ~ + A i> s ~~ if s-+ e 5 and s" ^ s~ A (0) 
1 A if s" + G S and s" = s~ A (0). 

Let s — t A (a,b) (0 < a, b < \t\). By the preceding, 

rv* if6 = |t| 

^ + = ^A<6> = J ^ t -A<6> A ^ if < 6 < 1*1 

[^*"a<o> A if 5 = o, 

and 

TV* if a = |*| 

V> s ~ = V^ A<a> - < ^~ A<a> A ^* if < a < \t\ 

{ V^ A <°> A V* if a = 0. 

We shall make heavy use of s H = s~~, which we refer to below as t. Write A k B for \A\ = \B\ and 
A < B for |A| < etc. 

Case 1 s++ <£S (i.e., b= \t\). 

Sub-case 1.1 s~ + & S (i.e., a = \t\): Then 

w s+ Aw s ~ =w t Aw 1 = 0. 



Sub-case 1.2 s"+ e 5 and s" ^ s — A (0) (i.e., < a < \t\): 

w s+ Aw s ~ =w f Ar(f A <"> A V*) 
^w t ' A ^\w t r< 1, 

by the induction hypothesis appied to = t A (a). 

Sub-case 1.3 s"+ G 5 and s" = s — A (0) (i.e., a = 0): Then 

/Aid 8 " =tc'Ar(f + A V s__ ) 

= w*Ar((V' t (0) + l} A il>*\[l,t(t)) A V*) 
= {^*(0) + l}«l. 



Case 2 s++e5 and s+ ^ s~ A (0) (i.e., < 6 < |i|). 
Sub-case 2.1 s~+ ^ S (i.e., a = |t|): 

w s+ Aw s ~ = r(?/>*~ A W A V*) A ^* 
= w*~ A < 6 > \tu* ^ 1 

by induction hypothesis applied to s+ = t A (6) . 

Sub-case 2.2 s h £ S and s~ ^ s~~ A (0) (i.e., < a < \t\): By the preceding corollary, 

w s+ Aw s ~ =r(?/>*~ A W A V*) Ar^^W A V*) 
C Aw rA(o) =0, 
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using (A U C) A (B U C) = (A A B) \ C C A A B. 

Sub-case 2.3 s h e 5 and s~ = ,s~~ A (0) (i.e., a = 0): By the preceding lemma, 

w s+ A# = W *~ A (°) ^u rA W » i 

by the lemma. 

Case 3 s++ e 5 and s+ = s~ A (0) (i.e., 6 = 0). 
Sub-case 3.1 s~+ ^ S (i.e., a = |i|): 

w s+ A w s ~ = r(?A s++ A V s+_ ) A w* 

= r«V>*" A < 0> (0) + l) A ^*" A <°>r[l,^(t~A<0)) A V*)Aw« 

= ^ _A <°>A U ;*«1 

by part (ii) of the preceding corollary. 

Sub-case 3.2 s h £ 5 and s~ ^ A (0): This case is 'symmetric' to case 2.2 
Sub-case 3.3 s h £ 5 and s~ = ,s~~ A (0): Then s + = s~ , and the result is immediate. • 

(6.9) Corollary ( Determination lemma ) Let s = t A (a, b) £ S. Then either 

(i) & = \t\ + 1 and (s+ ^ S and) = ; or 

(ii) < a, b < \t\ and w s+ = w s ; or 

(iii) a = < 6 < \t\ and w s+ C r(V> s ~ HM")); or 

(iv) 6 = < a < \t\ and w s ~ C r(V> s+ [[1, £+)), hence also C r(^ s+ [[1, or 

(v) = a = b and w s+ — w s , and hence w s+ |~[1, £ + ) = w s |~[1, 

Proof (i) Follows since in this case £ — t~ and ip s = ij) s . 

(ii) Follows by subcase 2.2 of the preceding lemma. 

(iii) By induction over \t\: For t = (0) the only case to consider is s — (0,0, 1). Then 

r + = ^ <04> = v^ 0> = (o) 

^ = (1,0) 

so w s+ = {0} c {0} = r(V> s " |"[1, 2)). 

So suppose the result holds for all u £ S(< n) for n > 1 and let t £ S(n + 1). Then 



if>* if b = \t\ 

> rA C>A# else 



By inductive hypothesis, w* A<&) C r(-0* A <°> [[1, £"+)), where = £(s"+) = A (0)), so the result 
follows. 

(iv) The argument is almost completely symmetric to the one for (iii) and proceeds again by induction 
over \t\. 

For t — (0) the only case to consider is s = (0, 1, 0). Then 

r + = v> <0 ' 0> = (i,o> 

r~ = V> <0,1> = ^ <0> - (0) 
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SO 10' 



= {0}c{0} = r(^ + [[l,2)). 



Supposing the result holds for all u e S(< n) for n > 1 and let t E S(n + 1). Then 



(a> A -0* else 



if a = |i| 



r + =^ tA<0> = ^ A(0) A0* 



By inductive hypothesis, to* A<a) C r(V>* A <°> where £"+ = £(s"+) = £(£" A (0)), so the result 



(v) Follows again from subcase 3.3 of the preceding lemma. • 

Note that all this implies that w sA{a) = w sA{b) iff a = b = or < a, b < \s\. 

Corollary For s = t A (a, b) G S such that s + G S one of the following applies: 

(i) if a = b = 0, then C s = C s+ + 1 = C~ + 1 and £ s = £ s+ + 1 = £ 5 ~ + 1; 

(ii) if a > = 6, then C s = C + = C~ + 1 and £ s = £ s+ + 1 > max{f + , ( s ~ , }; 

(iii) if a = < 6, then C s = < 5 ~ = C + + 1 and £ s = + 1 > max{f + , ( s ~ , }; 

(iv) if a, b > 0, then C s = C s+ = C~ and £ s = £ s+ = ■ 
For s = t A (a, b) e S such that s+i 5 

(v) C s = C s ~ and C s = C s ~ ■ 

(6.10) Corollary and Definition ( Free position, first form ) Let s = t A (a, b) G S(< u). Then 
one of the following applies: 

(i) a = b = 0, so s + = s~ = t A (0), hence 

^ =^a<o> a ^a<0) ; 

^tA<0> A ^,tA<0> = {^A(0>( ) + 1) ^tA(0>( )} = {^«(0),V""(0)} - W(0)> s+ (0)}. 
Set s = {0J(s+)}. 

(ii) a = < b < \s\ - 1, so s+ = i A (6), s~ = t A (0), hence 

iP s = V> tA<h> A V tA<0> , 

^tA(b) A ^,tA(0> = {^tA<0}( )} = {^(£( s +))}. 

Set s = {^(s+)}. 

(iii) a = < b = \s\ — 1, so s + £ S, hence 

■0 s = ?/> s ~. 
Set s = 0. 

(iv) b = < a < \s\ - 2, so s+ = i A (0), s~ = t A (a), hence 

= ^tA(O) A ^A<o> 5 
^tA<0> A ^,tA<a) = {^A<0>( Q ) + 1} = {^ s (0)}. 

Set s = {<?(s+)}. 

(v) < a, 6 < \s\ - 2, so s + = t A (6), s~ = t A (a), hence 

0> s = tA < b > A# A < a >, 

Set <j) s = 0. 

(vi) < a < \s\ — 2 < b = \s\ — 1, so s+ ^ S, hence 



follows. 
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4> s = ip s . 

Set cj) 3 = 0. • 

Contracting this somewhat: 

(6.11) Corollary ( Free position, second form ) For s = t A (a,b) G S such that s + G S one of the 
following applies: 

(i) a = b = 0, ip s = ?/> + A V s " and </> s = {0, £„}. 

(ii) a > = b, tp s — -rp s+ A ^> s ~ and </> s = {0}. 
(hi) a = < b, i) s = iP s+ A V s " and s = {4J- 

(iv) < a, b, tP s = tP s+ A V s " and s = 0. 

For s = t A (a,b) G 5 such that s + g" <S one of the following applies: 

(v) s = and 4> s = 0. • 

Summary 

(i) Call i G £(s) /ree for s if ^ s (i) g r(0 s |"(^(s) \ {*}))■ 

(ii) Call i G £(s) free for s relative to T (or simply free for T, when s is clear from the context), where T 
is a subset of £ = [0, £) not containing i, if ^> s (i) ^ r (ip s \T). (Thus, 'free for s' is 'free for s relative to 

AW') 

Thus, i is free over s n just if ip n {i) ^ VVi(i) f° r all 3 S J 7^ i, hence just if the element M" is 
not forced by the oj-uniformity conditions to be isomorphic to any of the other elements in the nth array, 
(M- n>> : i G £ n ). Similarly, i G C\ is free (over s n ) relative to T = C~ if ip n (i) 7^ V'n(i) f° r all j G £~, i.e., 
just if the element M" is not forced by the w-uniformity condition to be isomorphic to any of the elements 
in, (M^:ieC-). 

What the determination lemma shows is that 

(i) if s n+ i(n + 1) = n + 1, then tp n+ i(i) — ip n (i), and the M- n+1 ^ are determined at the previous level. 

(ii) if < s n+ i(n),s n+ i(n + 1) < n — 1, then no i G C^+i 1S lrce (f° r s «+i relative to C~ +1 (and vice versa 
with the roles of '+' and '— ' interchanged), so the M^ n+V> in the 'plus' half of C n +i arc determined 
by the M(" +1 ) in the ' minus' half, and vice versa; but one of these halfs is already determined by the 
previous level, so none of them are 'new'. 

(hi) if = s n+ i(n) < s n+ i(n+l) < n—1, then no i G (in the 'plus' half) is free relative to ^~ +1 \{£^ +1 } 

(i.e., the 'minus' half without its first element). 

(iv) if = s n+ i(n+ 1) < s n+ i(n) < n— 1, then no i G C~ +1 , (in the 'minus' half) is free relative to \ {0} 
(i.e., the 'plus' half without its hrst element). 

(v) if = s n+ i(n + 1) = s n+ i(n), then no i G £„ +1 \ {£n+i} is free relative to C^ +1 \ {0} and vice versa. 
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[7] Short representations 



In this section and the next we give the stream-lined representations promised earlier. 
[7.1] Short representations of rank u + u 

A 'new' array element in the approximation of A £ U(u) + ui) by the chain of components of some arbitrary 
(but fixed) 'basepoint' x in A, may only be introduced into the 'level' n + 1 array of rank u building blocks 



lemma), in which case the latter also specifies the possible positions of the 'new' element in the interval 
[0, £ n )- However, a 'new' element can appear in position € 4> n +i only if t„ > 0, since for r„ — the level n 
array M„ gets copied into the n+ 1 array M+ +1 . in which case, the 'new' element can therefore only appear 
in the 'other' half of the array, at position £^+i = (Obviously, the 'new' element may happen to be 
isomorphic with an 'existing' one; the v n indicate the positions of u> components not necessarily isomorphic 
to any of M- , k < n, i < £k, hence potentially 'new', compared with the arrays for the components of rank 
< uo + n containing the 'basepoint') 

Thus, the 'new' position at level n + 1 (rank w + n + 1) in the construction of a rank ui + ui chain 
is therefore unqiuely determined whenever it exists, and this will determine the 'canonical ordering' of the 
short array for such A. 

(7.1) Definition and Lemma Let {s„}„ be derived from (a,w) E Q{lo + 1) Set 



Suppose s n+ i = t n+ i A (a n+ i,b n+ i) such that s+ +1 6 S, i.e., r„ < u. Then one of the following applies, 
where we write u n for v Sn : 



(i.e., the array used for the rank u + n approximation [s]^ +n , (M„) n£w ), if (f> n = 



<p Sn ^ (free position 



y := {0}. 



(i) a n+1 = b n+1 = 0; then ip n+1 = A ip n+1 . Set 






(iv) a n+1 ,b n+1 



> 0; then, again V'n+i 



= K+i A V>„+i- Set 



v n+1 := 0. • 
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Corollary 

W = {0} (note, 0<°> = 0o - {0}) 

f if 4>n+i = 

fn+i = < {°} if <Pn+i 2 {0} and r n = 1 

UC+i> if^+i2{C+i}andr„ = 

Note that v and that ^ n +i = whenever r„ = w. Set 

JJ = {i!£w:i/„^} 

Let enumerate H, i.e., 

% =0 

i] k+1 = min{n > % : v n ^ 0}. 

By convention, if K < u), r\k = for ah k > K. Set supp(r/) = {k : r)k < w}, and ran(?7)' = ran(7/[supp(?7)) = 
ran(?7) n uj. Observe that H rj and K are determined by {a, t). 

(7.2) Definition ( Short arrays - compressed version ) Define the (compressed) short array for 
A = A(er,7r, (a-j™ ) ,7rj™ ) ) neW) o<i<£„) eU(uj + uj) by 

where the L^™\ fc G w n are defined to satisfy = M- n ^ — A(aj"\ tt^) via the w-uniformity conditions. 

(Here, by abuse of notation, [T^j = llj^K) 



Expanding this, 



U = uf 



Uk+i = 



U xP Vk+1 (0) ltT V k + i-l 



which in turn gives 



U = j4°\ 



Uk+i = \ " fc + 1 

' {Vk+i) 



1 if r 1-1 



Define a left-inverse of rj on ran(r/)', by setting 

K n = max{fc : i]k < n}. 

Thus, n n — k whenever n is the fcth integer such that v n ^ 0. Note that K = ran(/t) = supp(?7). 
Thus: 
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(i) The v n +i specify where at the level n + 1 array a potentially 'new' element U Kn = M £ U(uS) (n n < n) 
can get 'added' to the array of building blocks — either as Mg™ +1 ' if r„ = 1, or as M^™ +1 ^ = M^" +1 ^ if 

T n =0. 

(ii) Furthermore, level n array M„ gets 'copied' as M~ +1 if r n = 1, and as M^ +1 if r„ = 0. 

(hi) The remainder of the level n + 1 array (i.e., the blocks not in the 'copied from level n'-half — hence in 
the 'half containing the 'new' position) is determined by the uniformity condition from the level u> + n 
array M„. 

It remains to lay out the details on how the full double array (M„}„ is derived from the short array 
(Uk)keK and vice versa. 

Remark For all fc £ ran(re) = dom(?7), 

(i) T m < u. 

(ii) K Vk = fc; 

(hi) K m < fc iff m < r\k\ 

(iv) if fc + 1 < ran(«;), then K m = fc iff m £ [r/k, rjk+i), 
if fc + 1 = ran(«) < oj, then n m — k iff m £ [%, w)- 

Proof (i) holds, since by definition (e.g., (free position lemma, (vi)). {n : v n ^ 0} C {n : t„ < w}. 
(ii) follows from (iii), and (hi) follows from (iv), so we show (iv): But (iv) is true for k = (770 = = ko). 
Supposing (iv) true for all I < k, we get K m = K Vk = fc for m £ [r)k, rjk+i) if k+1 £ ran(fc), while n m — n. qk = k 
for m £ [?7fe, u), if fc + 1 = ran(ft) < w. • 

(7.3) Lemma 

(i) For all n, £ n+ i > £„ iff Cn+i = (n + 1 iff ^n+i 7^ 0- 

(ii) For all n £ ran(r;)', n n = Q n — 1 and so dom(?7) = ran(«) = sup n(Ew Cn — 1; 
(iii) 

. / % / % f Cn if w is minimal such that for all m > n, u m = 

dom(?7) = ran(K) = ^ . . ~ 

yto if f„ 7^ for mhmtely many n, 



Proof (i) Fix n and set s n+ i = s A (a, b). We may assume t„ < w as r„ = w implies that £ n+ i = 
and Vn+i — 0- Thus, now, s+ +1 = s A (fe) and s~ +1 = s A (a). From the definition £ n+ i > £„ iff Cn+i = Cn + 1- 
Set Wn = w s ™ and £^ = £ s ™ . 

Case a = b = 0. Then « n+1 = s A (0,0), and w+ +1 = w sA ^ = w~ +1 . and = £ sA<0> = £"+i- 
Subcase r„ = 0. Then 

S ™ = S n+1 = S n+1' 

w n+1 = U w~ +1 = w sA ^ U w sA ^ =w n U w n = {V„(0) + 1} U w n D w n , 

Subcase r n = 1. Then 

Wn+i = {V'n(O) + 1} u w n >~ w„ (as before), 

V n +1 = {0}. 
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Case a > b = 0. Then s„+i — s A (a, 0), and u>++i = w sA W D w n+1 - 
Subcase r„ = 0. Then 

s n = s+ +1 = s A (0), 

C„+i = l^+ +1 U< +1 | = p A ( >U W sA < fl >| = |w sA <°> \{f A <°>(0)}U{!A sA < HO)}Uw sA W| = K A <°> U 

w sA<a)| = ( «A<0} = ^ (- since {^A(0>(Q)^ iS A(0) ( - ) + 1 | nwS A<a) = &nd w sA<0) Dw sA(a)^ 
V n+ l = 0. 

Subcase r„ = 1. Then 

s « = = s A {a), 

Cn+i = |w sA <°> Uw sA(o) > |w sA<a> | = Cn (following the preceding case), 

fn+l = {0}- 

Case a = < b. Then s n+i = s A (0, b), 
Subcase r„ = 0. Then 

s n = 4+i = s A (6), 

C„+i = K+i u< +1 | = K A W u™ sA <°>| = K A <°>| > K A < 6 >| = Cn, 

Subcase r„ = 1. Then 

S « = = S A (0), 

Cn+i = |w sA ^| = Cn (again, following the preceding case), 
i/ n+ i = 0. 

Case a, b > 0. In that case w sA ( a ) = w sA W by the plus one range corollary, so £ n +i = £ sA ( a < b > = 

£ S A<a> = £sA(b) = ^ but alg0 Vn+i = 0^ 

(ii) We have so = (0), w s < ^ = {0} and = 0. By the preceding remark, part (iii), K, n +\ = K n if 
v n +i = 0, else k„+i = K n + 1, hence k„+i = k„ if Cn+i = Cn, else n n +i = K n + 1 and Cn+i = Cn + 1- 

(iii) Follows from (ii). • 

The preceding lemma permits the following alternative indexing of the short array, which will be ex- 
ploited in the next section. 

7.4 Definiton ( Short arrays - uncompressed version ) Define the uncompressed short array {Vk)kex 
for A E U{lo + lo) as above by 

where X = {£„ : n £ H'}. 

Remark The double arrays (M(")) new = (M f (n) ) iejCn)new and (U^)„ ea) = {U^ l) ) k ew n ,ne^, and the 
short arrays U = (Uk)k<K and V = (Vk)kex C W(oj) deriving from a chain A e M(w + w) as given above 
solve the following set of equations: 

Mf = =U = V 



u Kn+1 = v u+1 



= <t!L) if "n+i ^ and r„ = 
M (n+i) = . f ^ and Tn = ! 
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and 

J M(") A (U Kn+1 ) A M[?+2 +i) if i/ n+1 ^ and r„ = 0, 
M " +1 = j <tf* B+1 ) A Mj^^ A M(«) if „ n+1 ^ and r„ = 1. 

Note that we may pass from the uncompressed to the compressed short array by applying the order- 
preserving mapping ('collapse') from X to K, i— > K n (effectively, a bounded search operation). 

Note that generally V^ n+1 and Mj™^ = uj;™^ refer to elements in different positions of the level n+1 
array (and may differ). 

Call M(+) e e+ U(u>) and M< _ ) e e ~U{uj) s-compatible if M = M< + ) A satisfies the uniformity 

condition for s. 

(7.5) Lemma M( + ) e t+ U{uj) and M^ - ) G ^ W(w) are s-compatible if the following apparently 
weaker condition holds: 

(Vi < ^+)(Vfc < r)[V> s (i) - V s (^ + + *:) -» ^ M<f } ], (7.1) 

where M^) = (M^ ±) ) fe<£ ±, and where, as usual, ^ = £(s), £± = ^(s ± ). 

Proof For the 'easy' direction note that for i 6 £ + and j = £ + + k e £~, if ^ s (*) = i> s (j), then by 
the uniformity conditions, M( + ^ = Mj = Mj = M^ \ as required. 

So suppose M = M(+) A M^ - ) satisfies condition (7.1) for s and let i, j £ C. We have to show that 
either ^ s («) # V (j) or that Mj = M,-. 

Fix t £ S and a, 6 < |t| such that s = tA(a, b). Since s+ is assumed in S, either b = and V s = A?/> s 
or & > and tp s = ip s+ A V> s • 

Thus, if < i < £ + and j = £+ + k e C~ , then by assumption ip(i) = ip(j) implies that Mj = m\ +) = 

' = Mj. Since we may assume i < j, we are left with the cases 

(i) i = o j < e, 

(ii) < i, j < £ + , and 

(ih) £+ < i,j < e. 

Case i = 0: 

Subcase b — and ij) s = ip s+ A ip s : Then for k < l~ and j = £ + + k, 

V>(o) = v + (o) + 1 = ip tA{a) (o) + 1 = \t\ + 1 > v tA<a> (fc) - <A s ~(fc) - <A S (j), 

by weight sequence lemma. Likewise, for < j' < £ + , 

V(o) = V + (o) + 1 = ^ A(0) (o) + 1 = \t\ + 1 > V' A<0> (/) = ^ s+ (j') = V s (i')- 

(Thus in this case the antecedent ip(0) = VI?) never applies, except for = j, when M = Mj holds 
trivially.) 

Subcase 6 > and V s = V s+ A V s " = Thus, for fc < j = £+ + k 

V s (o) = v s+ (o) = v tA<b> (0), 

V s (j) = ^(fc) = ^ tA<a> W, 
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So if V> s (0) = V s (j), then by (7.1) 

M = a4 +) =M { - ] =Mj, 

as required. 

For < f < £+, 



By the plus one range lemma, 



W s + = W ^( b ) = W *A(b> = w s- 



so fix k" G I' such that xP s+ (0) = ip s (k") and let j" = £+ + k", so xp s (f) = ip s (0) = ip s+ (0) = V s (fc") - 
ip s {j"). So if ^ s (0) = ip s (f), then in fact ^ s (0) = tp s (j") = tp s (f ), so by (7.1) (applied twice to the second 
hypothesis), 

Mo - M { +) £* M^ = M^+ } = Mjv, 

as required. 

Case < i, j < £+: Then 

Again, by plus one range lemma, 

^ tA<0> (z) = ^ tA<0> (j) eu; tA < >, 

so fix k < £- such that ^ tA<0> (*) = V> tA<0> CO - 4> tA{a) (k)- By (7.1), 

Mi = Ml +) = M ( - ] = Mj +) = Mj. 



Case £+ < i, j < £. Then 

V> s (i) = V s ~« = V>' A<0> (*), 

Again, by plus one range lemma, 

V>* A<a> (i) = i> tA{a) (j) e ™* A<6 \ 

so fix fc < such that ip tA ^(i) = ^ tA(a) (j) = i> tA{h) {k). By two applications of(7.1), 

Mi = mH = M { k +) = MH = Mj. • 



Make the obvious modifications to the above terminology when dealing with 'shifted' or truncated 
sequences. E.g.: Call M<+) G c ^ + U(lu) and M<") G £ < s )~W(w) s-compatible if M<+) and M G £ < s ~)W(w) 
are compatible, where M, = M.~J + . 

Let J± C £±. Call M<+) e J+ W(o>) and M<-> e J ~W(w) s-compatible if 

(v» e j+)(vj g j-)[v s « = ru) - - M.H], 
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i.e., if M = M( + ) A ) satisfies the uniformity conditions for s restricted to J + U J , where M^ are 
arbitrary extensions of onto J ± . Etc. 

Let J C £+. Call M G c+ U{uj) s- determinable on J from M<") £ £ ~W(w), if r(V>+ |\7) C w~ , and 
for all i G J, M 4 = mH for every j such that = ip~{j). Likewise for J C C~ . Call M e c ~U(u>) 

s- determinable on J from M(+) G c+ U(u>), if r(?/>~ |\7) C w+, and for all i E J, Mi = ^ for every j 
such that tp~(i) — If an M is given asM = Mj for J C £+ or C £~, we shall simply say is 

s-determinable from M* - ), respectively M^ + ). If, e.g., M*~) G c U(oj), satisfies the uniformity conditions 
(on £~), then it suffices for M G c+ U{uo) to be s-determinable on J from M(~) that r(ip + \J) C w~ , and 
for all i G J, Mi = M^ ' there is some j such that ip + (i) = ip~(j)- 

(7.6) Lemma ( Array equivalence lemma ) Let A = A(er, ir)[M. n ] neoJ G U(lo + uj). Then Mo = (Uo) 
and for each n, one of (i), (ii) or (iii) applies: 

(i) Case r„ = uj: 
Then M„+i = M„. 

(ii) Case t„ = 1: 

Subcase b n+ \ = s n+1 (n + 1) = 0: 

Then for M^ e + ^ s n +i -determinable from M„, 

M„+i = (U Kn+1 ) A M (0i/ - } A M„. 



Subcase b n+ \ > 0. 

Then M n+ i is determined by M„ in the sense that 



M n+1 = M„ and M+ +1 is s„ + i-determinable from M n+1 . 



(iii) Case r„ = 0: 

Subcase a n+ \ = s n+ i(n) = 0: 

Then for M^ r ^ s n+ i -determinable from M„, 

M„ +1 =M„ A (U Kn+1 ) A M ((M - j. 



Subcase a n+ \ > 0. 

Then M n+ i is determined by M„ in the sense that 



M+ +1 = M„ and M n+1 is s„ + i-determinable from M+ +1 



Proof The proof consists merely in pulling together earlier observations and contains nothing new. 
By definition = U Q = Vq. 
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If r n = u, then s n+ i = s n , and per force M n+ i = M„. 

So suppose for the remainder that r„ e w. Let s = ,s n+1 = t A (a,b) (and ^ = ^„ +1 = £(s„ + i), 
£± = = f( S ± +1 ), etc.). 

Case a = & = 0. Thus z/„ C {Q,£ + }, and that i/„ 7^ 0. Thus, let A; + 1 = K n+ i and I + 1 = and 
note that > k > K m for m < n, £, n +i > I > £m for m < n so that t/fc+i = VJ+i has not already been 

'used' at any previous level in the 'approximation' to A by the chain of components A(s„)[Mj. Note also 
that now s+ = t A (0) = s~ , £ + = £ n = £~ , etc. 

Subcase r n = 0: Then v n = {£ + } and 

M„ +1 =M„ A (U k+1 ) A M (0i/ - } , 
where M (0 r , is s n+ i determinable from M„ (since \ {^ n+1 (0)} = w tA ^ \ {ip tA ^ (0)} = w~ +1 \ 

Subcase r n — 1: Then z/„ = {0} and 

M„+i = (U k +i) A M (0/ + +i) A M„, 

where M^ e + ^ is s n+ i determinable from M„ (for reasons as before). 

Case a > b = 0. Thus v n C {0} and that v n = iff r„ = 0. Also, w s ~ = w tA < a > C r (i/> tA W A 
<0»)=r(^ + [[!,£+)). 

Subcase t„ = 0: Then s + = s n , £ + = £ n and v n = 0. By the preceding, w s C r(i/)„ [[1, £„)), so 
every entry M" +1 ,z < £~ is determined (up to isomorphism) an entry M- n+1 \ i 6 C-n+i \ {0} y i a s «+i~ 
compatibility. Thus, 

M„+i = M„ A M c - 

where the array M £ - is s„+i -determinable from M„ (since w s C r{ip s+ |~[1,/ + )), implies that no position 
in Cr = [£+,£) is 'free' relative to £+ = [0,£+).) 

Subcase t„ = 1: Then s~ = s n , £~ = £ n and v n — {0}. Let k + 1 = K n +i and I + 1 = £ n +i and note 
again that f/fc+i = VJ+i has not already been 'used' at any previous 'level' in the approximation of A. So, 

M„+i = (t/ fe+ i) A M (0 ,£+ +1 ) A M ™ 

where the array M £ + is s„+i-determinable from M„ (since w s+ \ w s — {ip s (0)}, i.e., no position in (0,£ + ) 
being 'free' relative to £~ = [£ + ,£)). 

Case a = < b. Thus v n C {^+} and that v n = iff r„ = 1. Also, w s+ = w tA < b > C r(?/>* A < > A 

Subcase r„ = 0: Then s+ = s„, £ + = £ n and = {£ + }. Let fc + 1 = K n +i, and I + 1 = £ n +i, and 
note again that E/fc+i = V; + i is not already 'used' at any previous 'level'. Also, w n — r(ip~ \[1,£~), so all the 
entries M" +1 ,i G Cr \ {t„ + i} are determined (up to isomorphism) by the entries in M- n+1 \i < £^ +1 via 
s„ + i-compatibility. Thus, 

M„+i = M„ A (f/fe+i) A M (£ + +i ^- +i) 
where the array t n+1 ) 1S s «+i -determinable from M n . 
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Subcase r„ = 1: Then s~ = s n , l~ = £ n and v n = 0. Now, w s+ = w tA ^ C w tA <°> = w s , so 
all the entries M? +1 ,i < 1+ are determined (up to isomorphism) by the entries in M- n+1 \i 6 £ n+1 via 
s„ + i-compatibility. So, 

M„ +1 = M £+ A M„ 

where the array M £ + is s n +i-determinable from M„. 

Case < a, b. Thus v n = but also w s+ — w s , which implies that each 'half of M n+ i is determined 
by the other via s„+i compatibility. 

Subcase r„ = 0: Then s+ = s n , l + = £ n , and 

M„+i = M n A M c - 

where the array M^- is s„ + i-determinable from M„. 
Subcase r„ = 1: Then s~ = s n , t~ = £ n , and 

M„+i = M £+ A M„ 

where the array M £ + is s„+i-determinable from M„ • 

The preceding lemma can be read in two ways: 

Given A = A(<r, 7r)[M„]„ ea) 6 U(lo +u>), the preceding proof describes a procedure to derive the short 
arrays U = (Uk)keK or V = (Vi)i e x Q U(w) from the double array (M„)„ & (and (a, n) G G(ui + 1)). 

Conversely, given U = (Uk)keK or V = {Vi)kex C U(u)), the proof gives a procedure to derive the 
double-array (M„)„ & from U, respectively V (and (<r,7r)). 

Note the following 'procedural' definition of the short arrays: 

(i) Set U = V = M° } . 

(ii) Suppose (U^^k+i is defined, let n = r/k+i, and set 



Uk+i 



M<™ +1) ifr n = l 
M ( e n+1) ifr n = 0. 



(ii) Suppose {Vi)i &Wn is defined, let n' minimal > n such that zv+i 7^ and set for i' + 1 = £„ + i = the 
unique element in w n >+i \ w n 

/M<"' +1) if7V = l 
" +1 ~\m£' +1 ) ifr„,=0. 

Thus, a double array M = (M- n ^) neu! ,iee„ and the 'short' arrays U = {UkjkeK or V = {Vi)i e x related 
as in the array equivalence lemma can be used interchangably in the characterisation of A 6 U{lo + ui). Set 

A(<T,Tr){U k }keK = A(<T,Tr){Vi}i eX = A(a,n)[M n ] neu (7.2) 

whenever (M^) neiAj reduces to (and is derivable from) (Uk)keK, or (Vi)i e x, and call the first two expression 
a short representation. 

(7.7) Corollary ( Short rank lo + w representation lemma ) 

(a) Every A gU(uj + ui) has a representation of the short forms (7.2). 

(b) For every short array U £ K Uto), respectively V G x Uui), the chain constructed as A(a, Tr){Uk}keK), 
respectively A(a, tt){Vi}i & x) is in U{lo • 
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[7.2] Generating local short arrays 

It remains to exhibit a procedure to extract (via (cr, n) G Q(u> + 1)) the 'local' tagged short arrays U„ = 
{{Uj. n \k) : k G w n ), from the 'global' short if-array U, respectively X-array V, for A G W(cj + u). (Here, 
f^T(j) = M^"^ for i G £„.) This will permit us to define A — A(cr, 7r){U}, respectively A = A(cr, 7r){V}, just 
if for some x G A and all n, [x]£ +n = A(s„){U„}, and vice-versa derive the short representation from the 
short 'local' approximations — but without having to take the detour through the M„ arrays. 

We agreed to call a sequence U = (Uk ■ k G /}, (where / is an initial segment of u>) a short array if for all 
k,k' G K, Ufc G U(lo) and iUk = Wk 1 ■ Call the short array U compatible with (<t,tt) G G{u + 1) if / = K, and 
call it realisable if for some A G U(to + u), and some compatible (cr, ir) G Q{lo + 1), A = A(cr, r){U}. (By the 
short v +uj representation theorem, every short array is realisable with every compatible (a, n) G Q{lo + 1).) 
We also said we could dispense with tagging the local short arrays if we can provide a 'canonical' choice of 
paths through T(s). We do not propose such a choice 'unifomly' for all s G S(< uj), but there is a natural 
such choice for each set {s„}„ derived from (cr, n) G W(w), namely the 'embedding' path P n = P„(cr, it) 
determined by the r m ,m < n, defined as follows: 

(7.8) Definition 

(i) The top node is in P n : (s n ; 0} G P n . 

(ii) Suppose a = (t, k) G P n and let m = \t\ — 1. If m = 1, the definition of P n is complete. Else set 

(t+, k + 1) G P n if r ro _i = 0, 
(t~,0) G P n if r m _i > 0. 

Immediately from the definition, for all m < n, 

(s m , fc m ) G P n for some fc m < m. 

This is true for m = n with fco = 0. Supposing (s m , fc m ) G P n and m > 0, 

(s+ , k + 1) G P„ and s m _i = s+ if r m _i = 0, 
(s m , 0} G P n and s m _i = s m if r m _i > 0, 

so (s m _i, k m -i) G P„ for fc m _i = fc m + 1 if T m _i = 0, else fc m _i = 0. Hence we are justified in calling the 
paths P n 'determined by (cr, r) . 

Observe that the canonical ordering imposed on the local arrays by taking this path is an initial segment 
of the ordering imposed by 'novelty' on the short array for A. We can therefore define local array (untagged) 
short array as the initial segment of the (global) short array U 'used' at the given level: 

(7.9) Definition 

U; = (U k : k < K n ) = (U^ :k<K n ) 

i.e., u; = u[ K „. 
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Since K n = ( n — 1 (lemma 7.3), we can pass from the untagged to the tagged array by ordering 
w n = {v < ...,v Kn } and setting (U Vk ,v k ) = (uj%*\v k ). I.e., U^ {i) = U k just if ip n (i) is the fcth largest 
element in w n . Being able to dispense the tags, we shall now use 'U„' to refer to the untagged local short 
arrays. 

(7.10) Definition Define (relative to a, tt and U), so that is the 'untagged' version of the 
original tagged (XJ n )f n of section 3. (We may assume n > 0.) 
Ifi/„ = 0, set U"=U+=U„. 

If v n = {0} and r„_i = £+ set U~ = U„ |~k„_i and U+ = U„. 
If v n = {£+} and t„_i = set U+ = U„|~k„_i and U~ = U r , 



* n . 



In set notation: 

If v n = {0} and r„_i = ran U~ = ran U„ \ {U Vn } and ran U+ = ran U„. 
If v n = {£„} and t„_i = 0, ran U+ = ran U n \ and ran U~ = ran U„. 

(7.11) Corollary 

(1) The sequence of string U„ over U{u) is generated by (derived from) (a, it) and U in the follwing 
sense: 

U = {U } 

and for all n, 

tt / U„ if !/„+! = 

U " +1 \U n A(tf„ B+1 ) ifi/„+i^0. 

(2) Let {U„}„ Sa) where U„ = (U k )k<K n , be the sequence generated by (a,n) G {?(u; + 1) and U = 
{Uk)keK G k U(oj), Then for each n, (C/fc : fc G is an end-extension : k G w n ), and the 'full' arrays 
M„ = = {M^)i e c n are determined by = Uk just if tp n (i) is the fcth largest element in w n . 

(3) If A = A(a, ?r){U} and U„ are derived from (cr, ir) G + 1) and U G k U(oj), then for some 
x G A and all n, [x]^ +n = A(s„){U„} = A(s„)[M„], and the approximating chain of sub-components can 
be generated by the following variant of Pastjin's uniform chain constructor: 

A(0){U } = U , 

A(, UTT \ - / A ( s « ){U-}.Z = A(s-){U„}.Z if s n (n) = n 
( n)i nl " I A( S +){U+} + A(s-){U-}.N if *„(„) < „. 

Note that the U„ 'argument' does not get truncated in the "v s = 0' cases arising both under s(n) = n and 
s(n) < n. (Of course in the 's(n) = n' case z/„ is always 0.) • 
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[8] Short representations of tails 



Passing from the short array for a uniform chain of rank w + wto that of its tail involves an additional twist, 
hinted at in the tail revelation lemma. 

[8.1] Short representations of rank ui + u 

The preceding shows how to replace the arrays M„ in the description ofieM(w + w). Now 

fA(a,7r)[M„]„ ew = A(fa, to)% n M n ] neuJ 

and we would like similarly to replace the arrays f s „M„ in the description of tails fA £ U (uj + u) (subse- 
quently referred to as 'tail'-arrays). But note that the tail-arrays 'telescope' (since for tails, r„ = 0); i.e., 
f Sn+1 M„ +1 = f s ± M^ +1 A M~ +1 where the 'plus half, f s ± M^ +1 belongs to the preceding level. Thus 
the building blocks 'new' in the tail array at level n + 1 are determined by the 'minus half, M~ +1 . This is 
also clear by evaluating the expression for tail-chains (section 6): 

iA(a, 7r)[M n ] neuJ S fM (0) + A (°\n + 1)[M^ +1 ].N 



Now compare how the arrays (M„ + i) and (M n+1 ) relate to (M„) and U (via (a, ir}). Here, the 'range' 
of an array is the set of possibly non-isomorphic building-blocks. Namely, 



while 



M = (M (0) ) = <£/ ) 

{ran M„ if v n+ i = 

{^Vn+i(0)} U ran M « if v n+1 ^ and r„ = 1 

ran M„ U {U^ n+l{ln) } if u n+1 ^ and r„ = 

fM = <fM< 0) ) = (W ) 

_ J ran M„ if r„ > or u n+1 = 

ran ivi n+1 - | u ran M„ if r„ = and v n+1 ? 

Thus, in the 'tail case' one of the following holds: 

(i) v n +i = 0: In this case M~ +1 is determined by s n+1 compatibility with M„. Or, 

(ii) v n +i 7^ 0, but r„ = 1: In this case M~ +1 = M„; thus, in this case, the 'new' w component is 
'hidden', or 'invisible' to the tail. Or, 

(iii) v n+ i ^ and t„ = 0: Then M~ +1 = {U Vn+1 ) A M|") where U Vn+1 = U Kn+1 and where the 

array M|"| s„ + i-determinable from M„. In this case, therefore, the 'new' oj component is 'visible' 

to the tail. 

Hence, a 'new' rank w building block enters the n + 1st 'tail' array only if r„ = 0. If r„ > 0, the 'new' 
element may have to be traced back several levels back, namely to the largest level k < n such that = 0. 
E.g., if n > and r n _i = 0, — U^ n . If n > and r„_i > also, then the last 'new' lo component 
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was introduced at an even earlier level. More precisely, a 'new' element Uk enters the 'tail' array, essentially 
M~ +1 , just if either 

(i) r„ = and n = rjk or 

(ii) n is minimal such that for some m < n, r TO = 1 and m — rjk, T n > — for n! G (m, n), and r n = 1 

(and while t„/ = in the second scenario, some 'later new' elements may have entered the tail-array, namely 
Uk' where n' = r\y for n' G (m, n)). 

(8.1) Definition ( W L = W K ) 

We define the map that completes the bottom arrow in the following diagramme: 

f 

A(a,n)[M n ] n — > A(f ( T,f 7 r)[f s „M„]„ 

I I 
(M„)„ ew — ► (f Sn M n )„ eu 

I I 
(U k ) keK — > (W,) ieL 

I.e., set Wi = fUx whenever 

Uk = {Uk)keK is the short array for some A(a, 7r)[M„]„, and 
W L = (VK/} ie L is the short array for L4 = A(fa, f 7r) [f s „ M„]„, 
where fer = <j\uu A (0), where f7r = (0 W ), and where f Sn (M„) is as defined in section 3. 

Outline: Set W = ffl - 

While t„ = (n = 0, 1, 2, . . .), set Wi = Uk whenever n is such that v{n + 1)^0 (by implication, 
v{n + 1) = {£ n } = {^ + i}), and I is minimal such that Wi is not yet defined. 

For the first n\ > = n + 1 (i.e., we set n = —1) such that r ni > 0, set W; = f7o (i as before). 

While r„ = (n = ni + 1, ni + 2, . . .), set Wi = Uk whenever n is such that v n ^ (and Z as before). 

For the second n 2 > n\ such that T ni > 0, set Wi = Uk' (I as before), provided it was the case that 
m + 1 = 77fc/ (i.e., v(m + 1) 7^ - else Wi remains undefined). Etc. 

Detail: Let {rii : i G 1} be the set of n such that n = or n > and r„_i > 0. (Here J is an initial 
segment of w, i.e., I = u) or I G w.) Set n/ = o> if 7 is finite (i.e., I G w). Thus, ui — {J ieI [ni, n i+ i). 

Set Ui n) :=T (to mean: 'is undefined'), if n < r/k, and set ?/|™' ) := Uk, ii n > r/k (k € K). Say 
f/^ :=| (to mean 'is defined'), if = £4 Let k = max{fc : Vk < n} = max{k : U { k n ~ 1] J.}. (Note 
1(0) = max0 = 0.) 

Define VF (0) := W Q := W and IF, (0) :=T for all / > 0. Let I = max{j : w/" _1) |}. (So, 7(0) = 0.) 
Let now n > 0. 

Suppose n G (n^ni+i) for some i. If n ^ for any fc, set I(n) := l(n — 1) and := w/ n ^ for all 

I. Else, for the unique k such that n = -q k , set Z(n) := l(n — 1) + 1, W-™\ := E4 and :— VF/™ -1 ^ for all 

l{n) 

l^l{n). 

Suppose n = m for some i (since n > 0, i > 0). If rii_i ^ r]k, for any fc, set l(n) := l(n — 1) and 
:= w/ n_1 ^. Else, for the unique k such that rij-i = set !(n) := I(n — 1) + 1, 1 / F 7 < '"^ := Uk and 
w/" } :=w/ n_1) foralH^I(n). 
i?nd o/ definition. 
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(8.2) Corollary For all n, l(n) G {k(n),k(n) + 1} and for all i G I, if rn ^ i]k, for any k, then for all 
n G [ni,n i+ i), l(n) = k{n) + 1; if rij = r/ fe for some unique k, then for all n G [n,, rij+i), I(n) = k(n). 

Proof By induction. 
For n = 0, 7(0) = = fc(0). 

Let n > 0, and suppose the first claim is true for all n' < n, and if n = n i+1 , i G I, the second claim is 
true for i. 

If n G (rii,nj + i), then from the definiton, l(n) — l(n — 1) = k(n) — k(n — 1), so the claim continues to 
hold, while the second claim holds by continuing the induction over n" € (rij, rii+i). 

Suppose then n = for some i, and we may assume i > 0. If either both and n^_i are in or 
neither is, then again l(n) — J(n — 1) = k(n) — k(n — 1), for all n 6 (ni, n i+ i) by hypothesis, and for n = n, 
by definition, so the induction proceeds as in the previous paragraph. Else one of the following holds: 

Either rii-i ^ rju, for any fc, while rii = i]k' for some (unique) fc'; then l(n>i) — l(rii — 1) = A:(ni — 1) + 1 = 

Or rii_i = ?7fc, for some (unique) fc, while rii ^ r^fe' for any fc'; then l(rii) = l(rii — 1) + 1 = fc(n.; — 1) + 1 = 
k(rii) + 1. • 

(8.3) Corollary 

iA(<i,7T){U t } teK = A(a\uj A (0»{Wi} ieL = fM< 0) + ^ A(a[n + 1)[M^ +1 ].N. 

The next lemma tells where (and if) a given building block Uk appears in the tail. 

(8.4) Lemma ( Tail relocation lemma ) For < k < K , let nk = rjk — 1 (being thus also the least 
n such that n n+ i = k). 

(i) Either for all < k < K, 

(a) T nk = 0, in which case Uk — M^ nk+1 ^ gets inserted into Wj, at 'stage nk (i.e., as Wk or Wk+i); 
or 

(b) T Uk = 1, but there is some m > rife + 1 such that again r TO = 1, in which case Uk = M nk+1 ) = 
Mq" 1 ' = M £ '™ +1 ^ gets inserted into Wi at stage to, for the least such m. 

(ii) Or there is a unique < k < K such that r nfc = 1, in which case U k = M<j" fc+1) , but for all to > n k + 1, 
T m £ {0,^}, and the copy-definition C/^ = Mq"^ = M^ m+1 - ) is never made, whence J7fc does not get 
inserted into Wi (although this may happen to some other elements Uk' isomorphic to Uk-) 

Proof Suppose (i) fails and let ko be the least k such that (i) fails for k, i.e., r„ fco = 1, but there is no 
to > nk a such that r m = 1, i.e., for all to > nk a , r m G {0, u>}. For any k G (ko, K) we have r„ fe ^ u>, hence by 
the assumption that (i) fails at k , r Uk = 0; so these k all satisfy (i) via the first disjunct. Thus, ko uniquely 
satisfies (ii). • 

Remark ( Scenarios for (W; : I G L) ) 

(a) Suppose first that for all 

7"m — 0. In this case Uo always gets 'copied' as Mq ^ into the plus' 
half of the level to building blocks, hence never appears (as Mj,™ +1 ^) in a 'tail'-array M m+1 , while every Uk 
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for k > gets 'inserted' (as M^™ fc+1 ') in the 'tail'-array M~ fc+1 . at the same level at which it appears in the 
full array M„ fc+ i. In particular, Wq = f L^o, and Wk+i = Uk+i for k G K, and also L = K. Uq never appears 
in the tail array. 

Note that if r TO = w, then i Sm M m+ i = f - M m+ i A M m+ i, so Uq does get copied into the tail-array 

m+1 

at level m + 1. If r m = 1 for some least m, then [To = gets copied as Mj™" 1 " 1 ^ into the 'minus half of 

m+1 

the level m + 1 building blocks, hence also into the tail-array f Sm+1 M m+ i = f s + M+ +1 A M~ +1 of level 
m+1. 

(b) So suppose that r TO = 1 for some m G w. Let mo be the least m such that r m = 1; then for some 
k = ki E K, m also is the least n such that K n = k\. Then for all n < m such that r„ < w we have in 
fact 7r„ = 0, and so Uk = M^" fc+1 ^ for k G (0, fci), while level m + 1 represents the earliest opportunity to 

copy Uo into the 'minus half, and hence the tail-array, Uq — M^" l0+1 \ (The extreme case m = fci = is 
possible, in which case the prescription for k G (0, fci) will be vacuous.) 

(b.l) Suppose next and that the first case of the tail relocation lemma applies, i.e., that for all k G L, (i) 
holds. Let k 2 i,i = 1,2 .. . such that T nfc2 . = 1 and rrii,i — 1,2,... such that m, is the least m > rik 2i + 1 such 
that T mi = 1. Let k 2 i+\, i = 1,2... such that n mi — k 2i+ i. Then Uk = M^ k+1 ^ for k G (k 2i , fei+i), while 

J7fe 2i = M £ (mi+1) . Thus, VKfc = C/fc+i for fc G UJ fc 2i, fei+i), where k a := 0, and VF fc2i+1 = £4 2i ; in particular 

W fcl = tC= + U- 

If ii" = n + 1 G o>, then n is maximal such that v Vn ^ 0. If n = m^o for some last i°, the definition is 
again complete, with {Wk ■ k G K} = {Uk ■ k G K}. Else m^o < n and r„ fc = for all k G (k 2i o +ll K) so 
E/k = M^" fc+1 ^ for all such fc, and so also Wk = Uk for these k. 

\i K — lo, ki is defined for each i G w, is defined for each k G u), {Wk ■ k G oj} = {Uk ■ k G ui}, and 

(b.2) Finally, still assuming that r m = 1 for some least m, suppose that the second case of tail relocation 
lemma applies, i.e., for some unique k = k° G K (ii) holds. 

If k° = then J7 = m[ 1] , while for all m, Ui = M^ m+1 \ and C/ m+2 = M (m+1) , so W = U and for all 

*m+l 

k > 1, VFfc = C/fc+i, while J7i never appears in the tail array. In particular, L = K = uj. 

So suppose fco > 0. For all k < fco case (i) of tail relocation lemma applies, so the definition starts as 
under (b.l), i.e., there exists a sequence ki, i = 0, . . . , i° in (fc, k°) such that Wk = Uk+i for k G UJ^2i, fc2i+i), 
where fco := and Wk 2i+1 = Uk 2i , and if k 2i o +1 < fc°, then Wk = Uk for k G (k 2i a +ll kP). The remainder of 
the definition continues as in the case fc° = 0, i.e., Uko + i = = M^ n+1 ^ for all m > k° + 1, while for 

all k > k° Uk — Mp™ k+1 \ Thus, for all fc > fc° Wk = t/fc+i, while [7 fc o never gets inserted into W;,, and also 
L = K. 



[8.2] Tracking new building blocks in the tail array 



We close this section by formalising a few observations about how new building blocks appear in tail arrays. 
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(8.5) Definition 



5o(«o) := *o(0) = 

v n +i if 7^ and hence k„+i = K n + 1. 
<5n(fc„) if f„ = and hence n n +i — K n 



and for k < K n+ \ 



S n (k) ifr„=w 
<5„+i(fc) := { S n (k) U e : (Vj £ 5(fc))[lM0 = Mj)}} if r„ = 

{i e C+ +1 : (Vj e <5(fc))[^„(») = ^n(j)]} U Irie 5„(fc)} if r„ = 1. 

Remark Aff l) ^ whenever for some k < K max {n,n'} S <5 m ax{n, «'}(&) an d & is minimal for 

the property that (3n")[i,i' <E 8 n "(k)]. 

(8.6) Definition 

X (fc) := inf{n 6 w : S n (k) fl ^ 0}. 

That is, x(fc) is the least level n at which the element [/^eU gets 'copied' as M- n ^ in a position i £ 
of the 'tail-array' M~ +1 , if there is, else x(fc) = w. 

(8.7) Lemma x(fc) <wiff for some n such that k„ > k, r„ G (0, w). 

Proof Fix [/fc and let n k = ?]fe be the least n such that = k. Then either k = n = 0, or 

r nk £ {0, 1} and t nk+1 = £+ k+1 + l- k+1 . Let i k such that (7 fc - M<f fe) . If r„ fc = 0, then i k = i nk = +1 , 
and x(fc) = rife + 1. So suppose T„ fc = 1 and ifc = 0. If for all m > n k + 1, r m = 0, or r m = w, then for 
no to with n m > k is 7r TO > 0. and x(fc) = w , since for all such to, M~ +1 = M m , i.e., for all m > n k + 1, 
?7fe = M™ = M™ +1 . Otherwise, there is a least to > + 1 such that ir m £ (0, w), and for this m, K m 
and M~ +1 = M m so in particular U k = Mfi 1 = M™ +1 . • 

m+1 



64 



[9] Extensions 



We conclude the paper by pushing the construction principle exhibitd in section 7 to 'higher ranks'. 



[9.1] Rank u> ■ uj = lu 2 

Climbing through levels wn is now fairly straight-forward: Write 7 for (a, n) e Q(oj). By 5.12, every A £ U(u>) 
has a representation of form A(j), for some 7 e G(u); by 7.7 combined with 5.12, every A £ U(u) + uj) has 
a representation of form A(^){A{^k)}k^K for K = K(j) C w and some 7,7fc £ £?(w) (only depending on A, 
and therefore satsfying fa k = fov , but otherwise arbitrary). By the same token, every A 6 U{uj + ui + uj) is 
of form 

Ml){Mlk){A(j k i)}i eKhk) } keKh) , (a) 

for 7,7/t,7fcz (again, only depending on A, and therefore satsfying f<r k = fov and fcrfe; = fcrfep but otherwise 
arbitrary). Let's abbreviate (a) as 

A(7;7fc;7fe0 = A(r, j k ; 1ki)keK(~,),ieK( 7k ) 

Formally, by induction, 

(9.1) Definition 

A(7;7fci;7/sifc 2 ; ■ • ■ ;7fci. ..*;„) == ^(7;7fci;7fcifc 2 ; • ■ • ;7fei... k^k^K^M^K^),...,^^ ( 7fcl . ..*„_!) 

:= A(7){A(7 fel ;7 fclfe2 ;. . . ; 7fei...fe„)fe 2 eA:(7fc 1 )>-,fcneif(7fe 1 L..fc n _ 1 )}feie^(7) 
Generalizing the preceding observations: 

(9.2) Corollary Every A e U(uj ■ n) is of form 

A(7;7fei;7feifc 2 ; • ■ ■ ;7fci...fc„) = A (7;7fci;7fcifc 2 ;- • ■'■>7k 1 ...k n )k 1 eK( 1 ),k 2 eK( lkl ),...,k n eK( lkl ... kn _ 1 ) 

for some 7,7fe 15 . . . ,7fci...fc„ ( om y depending on A, and therefore satisfying fcr fel = f<7 fc / fcr fclfc2 = i<J klk > 2 ■ ■ ■ 
i< J k 1 ...k 7l - 1 k n = f cr fci...fe„_ifc^ • ■ -j but otherwise arbitrary), o 

,2\ 



Now let x e A G U(uj ); For each n, 

7<" ) ),..,fc„eK(7«" ) .., J 



MA _ 4/ («) («). An) . (n) x 

Wwn ! Cfe! 7 ?A:iA:2 ' " • " ' 'fci...fc„4 1 eif(7<")),fc 2 G^(7<" ) ),...,fe„eK(7<" ) 



for some 7*-™', 7 fe ™\ 7fcifc 2 , ■ • ■ ,7^ G £( w ) ; such that for each n there is some Q(n) := h e if (7 n+1 ), such 
that 

A \l 'ik 1 >rk 1 k2>---'ik 1 ...k n )k 1 eK( 1 (n)),k 2 eK( 1 l n >) fc„G/f( 7 <" ) ) 



_ A( An+l) (n+l). (n+l) n 

and hence such that 



(9.1) 



^(n) = An+1) 
(n) _ (n+l) 



(n) _ (n+l) 



(9.2) 
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Define an 'embedding thread' between the w-limit levels: 

(9.3) Definition Let 9 be the function defined via 9{n) — h just if (9.1), and hence (9.2), holds. Let 



j 4(- 7 (o) ;7 (i). ( ( ^ ;r) ,(2). >U . <( ) 7 ( 3 ) ; 7 ( ) )5 7^3) (3) ; 7^3) (3) (3) ; . • •) (9.3) 

n,^ n, n,^ 2 1 1 2 1 2 3 



be the unique A e U{uj 2 ) such that 

3^0 7 ( ° ) =7i 1 ) ; 
3^1 7 W = 1% 



& (7$: tf> e*(7 (1) )> = (7^, : } € K^)); 
3h 2l ^=^ (9.4) 
& (7$ : *? } ^(7 (2) )> = (7^(3, : tf> etf( 7 £>)> 



(9.4) Corollary ( Rank representation lemma ) Every A G U(ui 2 ) has a representation of the 
form (9.3). • 

For completeness, note that the nth block of 7 tokens in representation (9.3) of A is 



• ' ' 7, (n) 1 7, (n) . (n) ! 7, (n) , (n) , (n) > ■ • • 1 7, (n) , (n) ! ■ • • (y.OO/ 

ft, ft, Jv 2 rv 2 3 1 ''' 71. 

and the 'embedding conditions' on the nth and n + 1st block are: 

3h n 7 ( " ) =7il +1) 

& < 7 W : fcW e jr (7 (n))) = (7 (^) +1) : fc^ 1 ) e ( 7 («+ 1 ))) 

& ... 

„(") . i» r- vtJ n ) \\ - /„,("+!) . fcCn+i) ^ z^,^ 1 ) 

& ... 



K i K i ■" K i n n K 2 ••• K i+i n n K 2 ...K i 



(9.4a) 



62 \7, (n) , (n) • K n fc -^V7.(«) ,(n) J/ ~ \7, .(n + 1) .(n+l)- K n fe A O, ,(n) .(n+1),)/' 

ft, ^ . . . ft,^ ~\_ ' ' ' Tl 1 TV 2 - - - iv^ / 67^ ft, 2 ' ' ' fl 1 



The 'implicit' conditions on the 7}™?^ = (^"^ , 7i"|™^.j n ) are: 



f («) _ f («) 



Let's call a system of 7^ fc(n) C G(oj) satisfying the 'embedding conditions' (9.4) (as well as the 'implicit' 
conditions) a Q(oj 2 ) system and denote such by T. Corollary 9.4 says that every A G U(uj 2 ) is represented 
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by a G(oj 2 ) system. The following notation denotes a Q{oo 2 ) system, the arrows expressing the 'embedding 
conditions' (9.4): 

w : 7 (°) 
W -2 : 7 (1) 7$, 

-3 : 7 < 2 > ^ 7$ ^ 7$ fcW 

\ 1 \ 1 2 \ (9-5) 

\ \ 
: 7 7 1<"> •■• 7 1<"> fc c») 



[9.2] Rank lu 3 

Beyond uo 2 the pace begins to look slow, since we still only progress by u steps, using the construction 
principle of 7.7. Schematically: 



LU 2 



r(°) 



- 2 +- : 7 (1) T« 



\ 



\ 1 \ 12 \ (^) 

\ \ 
- 2 + -- = 7 (n) 7$ ... 1$, (n) 



\ 



where the embedding conditions for the 7}™^ translate verbatim into embedding conditions for the T^__ in . 
(The 'implicit' conditions on the 7 |™^ i _ are as before; the 'implicit' conditions on the T-™^ i are 'implicit' 
in the 'implicit' conditions of their constituent 7$™^ ■) Again, given A e U(lu 2 + u> 2 ) and i£ A, there is a 
system as in (9.6) such that for each n, 

l x \u> 2 +u>-n — ^K! ) /fei ' /fcifca' " • " ' 'fei.-kn-i' 1 fe 1 ...fe„4 ie K(7(")),fc 2 e-R"(7<" ) ),...,fc„eK(7<" ) fc )> 

so every A G W(u; 2 + w 2 ) has a representation by a £(w 2 • 2) system of from (9.6). Now iterate. Replace the 
G{u 2 ) systems F^] [ A in (9.6) by Q(uj 2 ■ 2) systems (again denoted r^™^ ) and obtain a Q(uj 2 ■ 3) system 
representing A e U{u 2 ■ 3). 

Formally, if (for some ordinal a) the concept of a Q{a) system is defined, a Q(a + ui 2 ) system is a system 
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for form 

a 



r(°) 



a + u : 7 « ' rj» 



\ 



- + -2 : 7< a > 7$ rg )fc(2) 

\ \ \ 

\ \ 
= 7<"> 7$ ••• T% .... 

\ 



where each fe (») is a system, and the arrows represent the embedding conditions (9.4): 

3ftor<°> = r£,>; 

& (Fg, : tf> € ^(7 (1) )> = (r^ f) : tf> € tf(<yg>)> ; 

^ 7« = 7^ 
& <7$> : 6 i^(7 (2) )) - (7^3, : G ff( 7 £>)> 

& <rg>, {a) : fcf € *( 7 <8>)> = (r^c^o) : 4 3) e ^(7i 3 2 ) fe( 3,)>; 

3hn 7 w = 7 i: +i) 

& (7$ ; fcW £ (7 (»))) = (7 («+l) +i) ; fc(-+D g ^( 7 £ +1) )) 

& ... 

&<7$, fcW = € * (7$, fc( „ ) )) = (7i"t < 1 2 +1) ^vtfe^S, 
& ... 

\ *■<"' ' n fc VY.M ,(n) J/ — \ L . ,(n+l) + • K n t A 17, .(») ,(n+l)J/: 

n, ^ i . . *^xi 1 ' " " tj, 1 2 ''' ti ■* , rt'*'2 ' ' ' rt 1 

Iterating systems ^(w 2 -n + o; 2 ) through all n, we obtain a ^(u 2 -w) = £/(w 3 ) system (comprising within 
it Q(uj 2 ■ n) systems as 'building-blocks'), and every A G U(uj 3 ) is represented by one such by the inductive 
reasoning of before, i.e., since each component [2^2. „ is represented by a constituent G{u 2 ■ n) system. 



(9.46) 



[9.3] Rank oj u 

Now, we'd like to define a Q(a+uj 3 ) as the iteration just described, starting with &Q{a) system Tq , Iterating 
yet again such systems (?(w 3 • n + lu 3 ) through all n, we should obtain a G(to 4 ) system. Iterating through all 
Q(w n ) systems, we should obtain a G{<jJ u ) system. And so on. But we are not ready to carry this out here, 
and will contend ourselves with merely having indicated how this 'iteration' might be continued through an 
initial segment of the ordinals. 
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(9.5) Challenge Devise a recursive system of notation for uniform chains of constructible rank. 



G9 
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